On the degree and genus of smooth curves in a projective space  by Ciliberto, Ciro
ADVANCES IN MATHEMATICS 81, 198-248 (1990) 
On the Degree and Genus of 
Smooth Curves in a Projective Space 
CIRO CILIBERTO* 
Universitri di Roma “Tor Vergata,” Rome Italy; 
and Brown University, Providence, Rhode Island 02912 
INTRODUCTION 
In this paper we will deal with the following classical existence problem: 
For which pairs (d, g) does there exist a smooth irreducible non-degenerate 
curve of degree d and genus g in the n-dimensional projective space P” over 
an algebraically closed field K of any characteristic? 
Let us start recalling that, once d has been fixed (and we always assume 
da n otherwise the curve is certainly degenerate, i.e., contained in a hyper- 
plane of IF”‘), the genus g cannot be arbitrarily large: we have in fact the 
well-known Castelnuovo bound 
g d not4 n) = mo(mo - 1 )(n - 1 j/2 + mOEO, 
where d - 1 = mo(n - 1) + so, so = 0, . . . . n - 2. Therefore the existence 
problem can be rephrased in the following way: given d > n, for which g 
such that Obg< zo(d, n) does there exist a smooth irreducible non- 
degenerate curve of degree d and genus g in P”? 
Of course the problem makes sense for n B 2, but for n = 2 it is trivial, 
since Clebsch formula tells us that there exists a smooth plane curve of 
degree d and genus g if and only if 
d=x,(d,2)=(d-l)(d-2)/2. 
By way of contrast, the problem becomes highly non-trivial as soon as 
n z 3. For n = 3 and K = @ it goes back to Halphen (1882), who claimed 
in [HI] to have in this case the following complete solution: 
(a) If C is an irreducible non-degenerate curve of degree d and 
(arithmetic) genus g in P3, not contained in a quadric, then 
g<n1(d, 3)= 
d2/6-d/2+ 1, if d-0 (mod 3) 
d 2/6 - d/2 + 4, if d f 0 (mod 3); 
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(b) for any pair (d, g) such that 
o<g<7tl(d, 3) 
the existence problem has an affirmative answer for the pair (d, g); 
(c) if g > nl(d, 3), and therefore an irreducible non-degenerate curve 
of degree d and genus g, if it exists, does lie on some quadric, then the exist- 
ence problem can be solved if and only if there are two positive integers a, 
b such that 
d=a+b, g=(a- l)(b- 1). 
Halphen’s proofs of statements (a) and (c) are correct and, with the 
assumption of dealing with smooth curves, they may be adapted to any 
characteristic (see [H] and the remarks at the beginning of the proof of 
Proposition (2.4) of this paper). On the other hand, Halphen’s argument 
for the proof of (b), the hardest part of the existence problem in P3, is 
wrong, as was pointed out by Gruson and Peskine, who actually gave in 
[GP] a correct proof in characteristic 0. Their proof is divided into two 
steps : 
Step 1: This consists of solving the existence problem in the range 
O<g<(d- 1)*/g 
producing smooth irreducible non-degenerate curves of degree d and genus 
g on a quartic surface with a double line. 
Step 2: This consists of a close analysis of degrees and genera of 
smooth curves on a non-singular cubic surface, which yields an affirmative 
answer to the existence problem in the range 
(d- l)*/S<g<rr,(d, 3). 
Gruson and Peskine’s theorem has been extended to positive charac- 
teristics by Hartshorne in [Hal], and recently Rathmann in [R] has 
solved the existence problem in [FD4 and p5 by just following Gruson and 
Peskine’s pattern. Moreover in [CS], Step 1 of Gruson and Peskine’s proof 
has been generalized to P”, n > 6, answering in the affirmative the existence 
problem in the range 
(d- 6)‘/18, for n=6 
OGg’ (d-n)*/4(n-2), i for nZ7, 
The first objective of this paper is to extend Gruson and Peskine’s Step 2 
to P”, n 3 6. This is contained in Section 1 and is based on a detailed study 
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of possible degrees and genera of smooth curves on some rational surfaces 
with hyperelliptic hyperplane sections. The main result in this direction is 
Theorem (l.l), which asserts that the existence problem can be aflirma- 
tively answered in a certain range. It should be mentioned that a result of 
the same type, but less sharp and covering only the cases n E 0 (mod 3), is 
also contained in Rathmann’s thesis already mentioned above. The proof of 
Theorem (l.l), which is essentially arithmetical, fills up a great deal of 
Section 1 (from Section 1.c through Section l.g), the last part of which 
(Section 1.h) is devoted to refinements of Theorem (1.1) in the case IZ E 2 
(mod 3) (see Proposition ( 1.19) and Corollary (1.20)), and to give an 
example which shows that the upper bound of the range of g in which we 
solve the existence problem is sharp (while we believe the lower bound 
could be improved, as pointed out in Section 1.f). 
A second part of the paper, Section 2, is devoted to apply Theorem (l.l), 
as well as the result from [CS], to the solution of the existence problem 
in P6 and P’. 
In these two cases we are first of all able to extend part (b) of Halphen’s 
statement proving that the existence problem can be affirmatively answered 
in the range 
0 6 g 6 nz(d, n) 
with n = 6, 7 (see Theorems (2.1) and (2.14); for the definition of the num- 
bers rc,(d, n) see Section 1.b). A finite number of cases, for which we were 
not able to find a theoretical answer to the problem, have been worked out 
by searching the corresponding curves with the help of a computer 
program (the lists of these curves are contained in Appendix A and B). 
Finally, for n = 6, 7, we deal with the range 
in which we have tried to extend part (c) of Halphen’s statement. This is 
related with a beautiful conjecture of J. Harris [H], the part of which rele- 
vant in our situation asserts that if g > 7c2(d, n) and d> 2n + 3 then an 
irreducible non-degenerate curve of degree d and arithmetic genus g in P” lies 
on a surface of degree n or less. Using our results in [Ci] we have been able 
to prove this part of Harris’ conjecture for n = 6 (see Proposition (2.4)), 
while for n = 7 we can prove the italicized statement for all d except in the 
range 39 < d < 64 (see Proposition (2.15)). This, together with a simple 
analysis of all possible degrees and genera of curves on surfaces of low 
degree (see Sections 2.a and 2.f), yields the complete solution of the exist- 
ence problem in P6, whereas in P’ we are left with a finite number 
(precisely only 24, listed in Appendix C) of pairs for which the existence 
question remains unsolved. 
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Finally, in Section 2.g, having in mind what happens for low values of 
n, we describe the situation of the existence problem in P”, after the results 
from [CS] and our Theorem (1.1) and discuss a few possible develop- 
ments toward a complete solution of the problem. 
In conclusion it may be worth remarking that there are two essentially 
different ways of extending the existence problem for singular curves: g in 
fact can be assumed to be either the geometric germs or the arithmetic 
genus. In the first case the existence problem is known to have always an 
affirmative answer, for g, of course, between 0 and the Castelnuovo bound. 
In the second case one has a slightly more general formulation of the 
problem we have asked before, but the solution will now be certainly more 
difficult because we know that there are irreducible components of the 
Hilbert scheme whose general point corresponds to an irreducible non- 
degenerate singular curve. 
1. CURVES IN P" CONTAINED IN SOME RATIONAL SURFACES 
WITH HYPERELLIPTIC HYPERPLANE SECTIONS 
In this section we extend a result proved by J. Rathmann in [R, Sect. 41. 
Before stating the theorem we want to prove, we introduce some notation. 
La. We shall work in P”, with n 3 6. Let n = 3k + h, h = 0, 1, 2, and 
let us consider the surface S obtained by blowing up the plane P2 at 6 - h 
general points A,, . . . . A,_,. Pit(S) is a free abelian group with basis 
(1, -el, . . . . -ebph ), where I is the class of the pull-back L to S of a line of 
P* and ei is the class of the exceptional divisor Ei corresponding to the 
point A,, i= 1, .,., 6 -h. As usual we shall denote by (a, b,, . . . . h,-,) the 
element al - C i = ,, ..., 6 -h b,e, of Pit(S) as well as the linear system 
IaL-Ci =,.,,,, 6phh,E,(. It is not hard to see that (k+2, k, l,..., l), briefly 
denoted by (k + 2, k, 1 5ph), is very ample on S and therefore it 
corresponds to an embedding of S in a projective space $” as a surface of 
degree c(n). Of course we have 
and, since the system (k + 2, k, 1 5--h) is well known to be regular (see, for 
example, [Cl, p. 173]), we have also 
Therefore we have found smooth irreducible non-degenerate surfaces of 
degree 4k + h - 1 in P”+ h, whose hyperplane sections are hyperelliptic 
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curves of genus k. Using a classical notation, we shall briefly denote, in 
what follows, these surfaces as surfaces of type (k + 2, k, 1 5 ~ ‘) in P3k + “. 
Lb. Let us now recall the definition and the meaning of the 
functions n,(d, n) introduced by J. Harris in [H]. For c1= 0, . . . . n - 1, let 
d- 1 =m,(n- 1 +a)+~,, E, = 0, . . . . n - 2 + CI. 
If cI<r- 1, we set 
44 n) = m,(m, - l)(n - 1 + cr)/2 + m,(e, + x) + pL,, 
where 
pL,=max{O, [(a-n+2+&,)/2]), 
and we shall use the notation 1x1 to denote the integral part of a number 
x, in order to avoid confusion with the ordinary square brackets. The 
definition of rrn _ ,(d, n) is slightly different, but since we shall not use it, we 
do not reproduce it here. It is worth recalling that the functions z,(d, n) 
play a crucial role in Castelnuovo-Harris theory of space curves as 
explained in [H] (see, for further reference, [Ci]). In particular q(d, n) is 
nothing else than Castelnuovo bound for the arithmetic genus of 
irreducible non-degenerate curves of degree d in P”, while n,(d, n) 
represents an upper bound for the arithmetic genus of irreducible non- 
degenerate curves of degree d in P” lying on a surface of degree n - 2 + CC, 
provided d is large enough with respect to n. 
l.c. We are now ready to state the theorem we are going to prove 
in this section 
THEOREM (1.1). There are two functions d,(n), cp(d, n), such that for any 
n 2 6, for any d 3 d,,(n), and for any integer g such that 
cp(d,n)<g< I 
x,(4 n), if h = 0, 1 
n,(d,n)-jt(,+maX{0,&k-3k-1), if h=2 
there exist a surface of type (k + 2, k, 15- “) in P” and a smooth irreducible 
non-degenerate curve of degree d and genus g on it. The functions do(n), 
cp(d, n) are explicitlSv defined at the beginning of Section 1.g. 
1.d. We now begin the long proof of Theorem (1.1). Since we have 
to produce curves lying on surfaces of type (k + 2, k, 1 5--h) we start by 
considering linear systems (a, b,, . . . . b,-,,) on S. If such a linear system 
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contains a smooth curve, then we just look at the image of this curve under 
the map S + IF and get a curve of degree 
(1.2) d=(k+2)a-kb,- 1 h, 
, = 2. . 6 ~ h 
=(k- l)(a-h,)+3a- c bi=k(a-b,)+2u- c h; 
j=1...,6-h , = 2. . 6 ~ h 
and genus 
(1.3) I- c bi-(b,- 1) 
j=l.....h-h 
c bf-d+(k- l)(a-h,) 
Ii 
2+1, 
,= 1. .._ 6 -h 
(1.3) 
which is non-degenerate as soon as d> a(n). A sufficient condition in order 
that the linear system (a, h,, . . . . 6, h) on S have irreducible non-singular 
elements is that 
(1.4) a?b, +b,+b, 
a>b, 
b, 3b,3 ... 3b,.-,>O 
(see [H2, V, 4.12, and Ex. 4.81). Now we change basis in Pit(S)@ Q 
passing from coordinates (a, b,, . . . . b,- ,,) to coordinates (d, r, a?, . . . . qph), 
where the transformation formulae are 
(1.5) r=u-b, 
a, = r/2 - b,, j = 2, . . . . 6 - h, 
Since by ( 1.2) we have 
d=kr+2u- C (r/2-a,) 
, = 2, 6 ~ h 
=kr+2u-r(5-h)/2+ c ai 
/ = 2. . 6 ~ h 
= [k-(5-h)/2]r+2u+ 1 a, 
, = 7. 6 ~ h 
the inverse formulae of (1.5) are 
(1.6) U= d-[k-(5-h)/2]r- 
{ 
1 C(j 2 
, = 2. ,.., 6 ~ h ii 
b, =a--, b, = r/2 - ai, j = 2, . . . . 6 - h. 
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Of course, to be sure that, given (d, r, LX*, . . . . CQ~,,), we actually find an 
element in Pic( S), we have to impose, by (1.6), the conditions 
(1.7) aj = r/2 (mod 1) 
d- [k-(5-h)/2]r- C f f ]  = 0 (mod 2). 
J = 2. . 6 - 11 
Moreover (1.4) are now equivalent to r > 0 and to 
(1.8) 
Finally, we can express g in terms of the new coordinates by finding the 
relation 
(1.9) g=F(d,n,r)- 1 
j=2 . ...I 6 h 
where we have put 
F(d,n,r)={d(r-l)-r’[k+(h--1)/4]+(k-l)r)/2+1. 
We record here, since we shall need it later, the relation 
F(d,n,r)-F(d,n,r-l)={d+k-l-(2r-l)[k+(h-1)/4]}/2. 
Further we note that, n and d being fixed, F(d, n, r) is a quadratic function 
of r which achieves its maximum at the point 
p(d,n)=(d+k-1)/2[k+(h-1)/4]. 
1.e. Now we will prove a lemma which will be the crucial step 
in the proof of Theorem (1.1). Before doing that we need to show the 
following 
LEMMA (1.10). Let r, m, i be positive integers, with r odd, 3 < i < 7, and 
m-i (mod8). I” 
m<(i-2)r2+2r+3 
then m can be expressed as a sum 
m= c x;, 
j= I..... i 
where xi, j = 1, . . . . i, are integral positive odd numbers with xj d r. 
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Proof: If i = 3 we have m G 3 (mod 8 ) and therefore we may write 
where .xj, j= 1, . . . . 3, are positive odd integers. But now we must have 
xi 6 r, j= 1, . . . . 3, otherwise 
(r+ 1)‘+2>m= 
a contradiction. Now we proceed by induction on i. Notice that 
m-i+3=3 (mod8). Therefore, if mdr’ we have 3<m-i+3< 
rz + 3 - i < r2 + 2r + 3 and we may apply what we have already proved to 
m - 2 + 3. So in = 2 - 3 + C,= ,,..., 3. UT with x, < r, , proving the lemma. If 
m > r*, then we apply the induction to m - r2. 1 
We now state our main 
LEMMA ( 1.11). (a) Let h = 0, 1. There exist .functions s( d, n) and 6,(n) 
such that for d, g, r non-negative integers verifying the inequalities 
F(d,n,r-l)<g<F(d,n,r) 
r>s(d, n), d 3 h,(n), 
the system formed by (1.7) (1.8), and (1.9) has some solution. 
(b) For h = 2 a similar statement holds: the only change is that the 
first inequality has to be replaced bya 
F(d,n,r-2)<g<F(d,n,r) 
and r has to be assumed to be odd. 
(c) The definition of the functions s(d, n) and 6,(n) is as follous. If 
n # 8 then 6,(n) = 2n + 1, uyhereas o,(8) = 22. Zf h = 0 then 
s(d%n)=(-4k+ 1+,/12d+ 16&k+ 1)-38)/3. 
If h = 1 then 
s(n,d)= -2(2k+1)+2Jd+2(k-l)+(2k+l)‘. 
If h=2 then 
s(n,d)= --(8k+3)+&8k+3)‘+24k+8d-11. 
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Proof. (a) We have 
F(d, n, r)-g<F(d, n, r)-F(d, n, r- 1). 
Thus 
(1.12) 2(F(d, n, r)-g)<d+k- 1 -(2r- l)[k+(h- 1)/4]. 
Let us assume first r even. Then m = 2(F(d n, r) - g) is an integer and we 
express it as a sum 
(1.13) m = 
j  = 2. . 6 - h 
with cc,, j = 2, . . . . 6 - h, positive integers such that 01~ 6 r/2, so that (1.7.1) 
( 1.8.1) and ( 1.9) will be automatically satisfied (provided, of course, we 
properly order the ais). If h = 0 we use a result of Gruson and Peskine (see 
[GP], or [H, p. 306, remarque]) and claim that (1.13) can be solved with 
cli, j = 2, ..,, 6-h, integers such that ct,<r/2 if m<3(r/2)2+2, which, in 
view of ( 1.12), certainly happens if 
(1.14) 
and this, in turn, is verified, as may be easily checked, if r > s(n, d). If h = 1 
we claim that (1.13) can be solved with 01~, j= 2, . . . . 6 -h, positive integers 
such that 01~ < r/2 if m < r2/4 + r + 1 (see [R, p. lo]). This is implied by 
d+k- l-(2r- l)k<r’/4+r+ 1, 
which holds, again if r > s(n, d). Now we have to check that (1.7.2) and 
( 1.8.2) are verified for any solution of ( 1.13) we have found. As for (1.7.2) 
we notice that g is an integer. Thus 
d(r-l)-r2[k+(h-1)/4]+(k-l)r- C a; E 0 (mod 2), 
, = 2. _.., 6 ~ h 
which is clearly equivalent to (1.7.2). Further 
-a,+Mj+ .‘. +a,-,< c ct,Z=m. 
. j  = 2, . 6 ~ h 
Then in order that (1.8.2) hold it s&ices that 
d+k-l-(2r-l)[k+(h-1)/4]<d-[k+(l+h)/2]r. 
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This is equivalent to 
r 3 [2k + (h - 5)/41/(k - l), 
which certainly holds for r > 3. Notice now that, for h = 1, d + k - 1 - 
(2r - 1 )[k + (h - 1)/4] is an integer strictly bigger than m. Therefore we get 
in this case 
d+k-2-(2r- l)k<d-(k+ 1)r 
as a sufficient condition for (1.82) to hold, and this is equivalent to r 2 2. 
As for the case h = 0, r = 2, we notice that if IIZ = -a? + ~1~ + .. + abP ,, 
then we must have CI-, = 0 and c(~, . . . . CI- ,, = 0, 1. Therefore all we need to 
check is that 
d>2k+l+ C 53 
, = 2. 6 ~ h 
which is certainly true since d> 6,(n). On the other hand, if IPI- 1 3 -a2 + 
!x!3 + ... + zePh then (1.82) holds because 
-0!2+a,+ ‘.. +cc,m,<d+k-2-3k=d-2(k+ 1). 
We now make the case r odd. We set m = 8(F(n, d, r) - g) and notice that 
m is an integer and that moreover m = 5 -h (mod 8). Then we apply 
Lemma (1.10) and claim that we can write 
m = 2 xf, 
,=2.....6 h 




it will suffice to have 
which, in turn, is equivalent to 
rk I-(4k+h)+ (4k+h)‘+ [h+4(d+2k-1)-2](3-h))/(3-k). 
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Now we claim that this certainly happens if r 2 s(n, d). In fact the above 
inequality is equivalent to 
(1.15) d+k-I-(2r-l)[k+(h-1)/4]<(3-h)r2/4+r/2+i. 
Let h = 0. If r = 1 then (1.15) would imply d< 3, a contradiction. Therefore 
Y > 2 and (1.15) certainly holds if 
d+k-l-(2r-l)(k-a)<3r2/4+2, 
which, in turn, is equivalent, as we have already seen, to r B s(n, d). On the 
other hand, if h = 1 and r = 1, then ( 1.15) gives d < 3. Therefore r > 2 and 
(1.15) holds if 
d+k- 1 -(2r- l)kdr*/4+r+ 1, 
which, again, is equivalent to r > s(n, d). Now, after we have chosen indices 
in such a way that x7< ... d+-,,, we put o(~= *x,/2, where the + is 
chosen for j = 3, . . . . 6 - h, and for ji= 2 we chose the right sign in order that 
(1.7.2) holds. This way we are ready with (1.7), (1.8.1), and (1.9). As for 
(1.8.2) we clearly have 
-a,+a,+ ‘.. +ae-hQ c af + (5 - h)/4 = (m + 5 - h)/4 
/ = 2. . 6 - h 
<d+k-l-(2r-l)[k+(h-1)/4]+(5-h)/4. 
Then (1.8.2) holds if 
d+k-1-(2r-l)[k+(h-1)/4]+(5-h)/4<d-[k+(l+h)/2]r 
and this is equivalent to r > 2k/(k - 1). Thus, if k 3 3 it suffices to have 
r > 3, and this holds since s(n, d) > 1 as can be easily checked. If k = 2 we 
are done as soon as r > 3. Let now r = 3. If h = 1 then clearly -a2 + a3 + 
a4 + a5 is an integer. But we know that 
-a,+a,+a,+a,<d-8 
and this is exactly (1.8.2). Similarly, if h = 0 we know that 
-a,+a,+a,+a,+a,<d-7+$ 
and the left hand side is an element of Z [$I - Z. Therefore we get 
-a,+a,+a,+a,+a,6d-7-i, 
which is (1.8.2). This finishes the proof of (a). 
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(b) Again we set m = 8(F(n, d, r) -8) and notice this is an integer 
which is congruent to 3 modulo 8. Then we can write 
m = ,2 . y 
2 
J’ 
1 1 4 
where x,, j== 2, . . . . 4, are odd positive integers with x,dr, as soon as 
m < rz + 2r + 3. 
We note that 
m<8(F(n,d,r)-F(n,d,r-2))=8[d+k-l-(r-1)(4k+1)/2]. 
The right hand side of the above inequality is congruent to 0 modulo 8, 
whereas m = 3 (mod 8). Then we have 
m68[d+k- 1 -(r- 1)(4k+ 1)/2]-5 
and therefore it will suffice to have 
which is equivalent to r > s(n, d). We define now the OLD, j = 2, 3,4, as in the 
proof of (a), case r odd, so that (1.7), (1.8.1), and (1.9) are automatically 
verified. Let us check (1.8.2). The above discussion tells us that 
cc~+a~+a~<2[d+k-l-(r-l)(4k+1)/2]-~. 
But now 
and since the left hand side is an element of Z[ f] - Z, we have in fact 
so that it is sufficient to have 
d+k-(r- 1)(4k+ 1)/2+idd-(k+$)r, 
namely r > 3 + 4/(k - 1). If k > 3 it is enough to have r > 5 and, r being 
odd, it will suffice to prove that s(n, d) > 3. Since s(n, d) < 3 implies 
d < 3k + 5, we are done, because d 2 2n + I= 6k + 5. If k = 2 we must have 
r 3 7, so we have to show that s(n, d) > 5. Again s(n, d) < 5 yields d< 21, 
and we are done. 1 
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1.f. Before going further we want to explicitly make some remark 
about Lemma (1.11). 
First of all one could think of proving something similar by finding 
conditions on r and d such that for d, g, r non-negative integers verifying 
these conditions and (for instance for h < 2) 
F(d,n, r+ l)<g<F(d, n, r) 
the system formed by (1.7) and (1.8) has some solution. In other terms, one 
would like to symmetrize Lemma (1.11) with respect to p(d, n), with the 
objective to find, perhaps, better inequalities for r and d. Unfortunately this 
does not work. For example, in the case h = 0, r even, the condition which 




which looks nice, because, for instance, when d is large it is always satisfied. 
The problem is that if we want to check (1.8.2) using the same method of 




p(d, n) <r 6 (8d- h - 3)/4n. 
But unfortunately this estimate does not seem to give better results than 
the one we have found in Lemma (1.11) as a discussion (which we do not 
report here) of the cases n = 6, 7 already makes clear. 
The second remark we want to make is that under certain conditions on 
n, for instance n large enough, one could gain something in the definition 
of s(d, n). This could be done by improving, under suitable hypotheses on 
n, Lemma (1.10) just as can be done for the result of Gruson and Peskine 
we use in the proof of Lemma (1.1 l), case r even (see [H, p. 306, remar- 
sue]). As we shall see later on, having better estimates for s(d, n) is of 
crucial interest in the problem we deal with. 
1.g. We are now ready to prove Theorem (1.1). First we define the 
two functions cp(d, n) and d,(n). As for the first one we set 
dd n) = F(d, n, 4~ d)) 
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while for the latter we define do(n) to be the maximum between 6,(n) and 
the function 
-k+ 1+(4k- 1)&2k-27/6, 





if h = 2. 
Let now 
rdd n) = 
min{rEZ:r>s(d,n)} if h =O, 1 
min{rEZ,rodd:r>s(cl,n)} if h=2 
and 
A(d,n)=max{F(d,n,r), MEL} 
Bid, n) = max{F(d, n, r), r E Z, Y odd), 
First of all we prove the following 
LEMMA (1.16). Ifdad, then 
(1.17) F(d, n, rdd, n) - 1) < F(d, n, s(d, n)), if h=O, 1 
F(d n, r,(n, d) - 2) < F(n, d, s(d, n)), if h=2. 
Proof: Clearly a sufficient condition in order that (1.17) hold is that 
s(d, n)<p(d, n) and this is in turn implied by d>6,(n). 1 
In view of Lemma (1.11 ), and since, as we have seen in the proof of 
Lemma (1.16), s(d, n) <p(d, n), we can say that the system formed by (1.7), 
(1.8), and (1.9) has some solution if d, g, n are integers such that da 6,(n) 
and 
F(d n, r,(d, n) - 1) < g 6 A(d, n), h=O, 1 
F(d, n, r,(d, n) - 2) < g 6 B(d, n), h = 2. 
This means that for such triples (d, n, g) there exists a smooth irreducible 
curve of degree d and genus g in P” lying on a surface of type 
(k + 2, k, 1 5-h) and any such a curve is non-degenerate by degree reasons 
(see Section 1.a). Therefore, in order to conclude our proof of Theorem 
( 1.1 ), we need the following other 
h07’81 C-7 
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LEMMA (1.18). (a) [A(d, n)] = rck(d, n); 
(b) q/z=2 then [B(d,,)] =n,(d,n)-~Lk+max{0,.s,-3k-h+ 1). 
Proof: Not to carry to many indices around, we set mk = m, pLk = p, 




We recall that 
p=max{O. [[(~-A)/21 -k+ l} 
We shall look at the three cases: 
(a) 2(~+k)<4k+h- 1; 
(b) 4k+h- 1 ~2(s+k)<2(4k+h- 1); 
(c) 2(4k+h-1)<2(s+k). 
In the first one we have O<c<k-1, if h=O, 1, and O<E<k, if h=2. 
Notice that [p(d, n)] = 2m and computing we see that F(d, n, 2m) = 
n,(d,n)-(E- 1)/2 and F(d,n,2m+ l)=rrJd,n)+(5--h))/8. Therefore 
A(d,n)=F(d,n,2m+l)=n,(d,n)+(5-h)/8, except in the case s=O, 
h =2, in which A(d, n) =F(d, n, 2m); anyhow we have [A(d, n)] = 
uw, n)n =7dd, 4, and observe that here we also have -pk+ 
maX{O,&k--3k-h+l}=O. In case (b) we have k<E<3k+h-2, if 
h=O, 1, and k+16&<3k+h-2, if h=2. But now [p(d,n)]=2m+l 
and then F(d, n, 2~2 + 1) = nk(d, n) + (5 - h)/8 -CL and F(d, n, 2m + 2) = 
n,(d, n)+ (E- h)/2+ 1 -p-k. Notice that p=O is just equivalent to 
1 + [(E - h)/2] < k, namely to E < 2k + h - 1. Thus if /J = 0 then 
F(d, IZ, 2m + 1) = n,(d, n) + (5 - h)/8 and F(d, n, 2m + 2) = nk(d, n) + 
(E - h)/2 + 1 -k < rck(d, n) + &; hence if h = 0, 1 then A(d, n) = B(d, n) = 
F(d, n, 2m + 1) and [rA(d, n)] = [B(d, n)] = nk(d, n), whereas if h = 2 either 
the same happens or A(d, n) = F(d, n, 2m + 2), [A(d, n)] = nk(d, n), 
A(d, n) 2 B(d, n) = nk(d, n) + (5 - h)/8, and [B(d, n)] = nk(d, n) (we have 
again in this case -p+max{O,sk-3k-h+l)=O). If p>O one has 
F(d,n,2m+2) 2 n,(d,n)-p+l 2 nk(d,n)-p+(5-h)/8=F(d,n,2m+l). 
So A(d, n) = F(d, II, 2m + 2) and [A(d, PZ)] = nk(d, n); moreover, since 
F(d,n,2m+3) = nk(d,n)-p-3k-9h/8+13/8+e < nk(d,n)-p+(5-h)/8 
= F(d, n, 2m + 1 ), we have B(d, n) = F(d, n, 2m + 1) and [B(d, n)] = 
7ck(d, n) - p, whereas -p+max{O,sk--k-h+ l} = -p. Finally, in 
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case (c) we have 3k+h- 16~64k+h-2 and therefore 2(k+&)< 
3(4k + h - 1). Thus [p(d n)j = 2m + 2. Then F(‘(d, n, 2m + 2) = n,(d, n) + 
(s-/2)/2+1 -p-k while F(d,n,2m+2)-F(d,n,2m+3)=[4k-&+ 
5(h- 1)/4]/2 3 [2-h+ 5(h- 1)/4]/2 = (h/4+ $)/2>0. Then A(d n) = 
F(d, II, 2m+2) and again [A(n, d)j =z,Jrz, d). Finally, we see that 
F(d,n,2m+3)-F(d,n,2m+l) = e-3k-h+l 3 0, therefore B(d,n) = 
F(d n, 2rn + 3) = zx-(cI, n) - p + E - 3k - 9h/8 + F and it is easy to see that 
%B(d,,,a=~x.(d,n)-~+&-3k-h+1. 1 
1.h. Some remarks and comments about the case h = 2 are in 
order. A slight improvement of Theorem (1.1) is given by the following 
PROPOSITION ( 1.19). Zf h = 2 and d, g are integers such that 
da d,,(rz), r,Jd, n) -pLk + max{O, sk - 3k- 1} < g<nJd, n) 
and if2(A(d, n) - g) is not if the type 4’y with x, y nonnegative integers and 
y = 7 (mod S), then there exist a surface of t.vpe (k + 2, k, 13) in P” and a 
smooth irreducible non-degenerate curve of degree d and genus g on it. 
ProoJ Of course it will suffice to prove that, under the hypotheses, the 
system formed by (1.7), (1.8), (1.9) has some solution for r = R such that 
A(d, n)=F(d, n, R). Let us assume ~22k+ 2, because if ~,<2k+ 1 there is 
nothing to prove, as we have seen in the proof of Lemma (1.18), whose 
notation we keep here. Then R = 2m + 2. We put M= 2(A(n, d)-g) and 
notice that 




E-2k-2, if E<3k 
4k-8, if E>3k+l 
Thus, in any case, we have 
M<k-1, 
Now, in view of the hypotheses, we know that M can be expressed as the 
sum of the squares of three non-negative integers cl*, CI~, ~1~. Then (1.9) and 
(1.7.1) are automatically satisfied, and so (1.8.1) is, provided we chose the 
right indices for the E,‘s. As for (1.3.2) its proof is quite analogous to others 
we have already done, so we omit it. Finally, since -c(~ + u3 + cx4 d cz: + 
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cl: + az = M, it will be sufficient to check that k - 1~ d- (k + $)R, which is 
equivalent to 2m(k - 1) + E 3 3k + 1. But, since E > 2(k + l), this is certainly 
always true. 1 
As a consequence we have the 
COROLLARY (1.20). If h = 2 and d, g, n are integers such that 
dk d&L nG23, cp(d, n) < g < dd, n) 
then there exist a surface of type (k + 2, k, 1’) in [Fn” and a smooth irreducible 
non-degenerate curve of degree d and genus g on it. 
Proof With the same notation of the proof of the proposition, we have 
that if n 6 23 then k 6 7 and therefore M = 2(A(n, d) - g) < 6 so that all the 
hypotheses of the proposition are met. By the proposition itself and 
Theorem (1.1) the assertion follows. 1 
Proposition (1.19) tells us that most of the holes in the range 
n,(d, n)-pk+maX{o, &k-3k- l} <g<~‘~,(d, n) 
can be filled up, under the same hypotheses of Theorem (1.1 ), with curves 
on surfaces of type (k + 2, k, 13) in P”. Nonetheless it is likely that the pairs 
(d, g) for which all the hypotheses of Proposition (1.19) are met, except the 
one concerning 2(A(d, n) - g), are in general gaps in P” (of course, by a 
gap in P” we mean a pair (d, g) for which there is no smooth, irreducible, 
non-degenerate curve of degree d and genus g in pn). The following 
example (in which we work over C) givs a good piece of evidence for this 
circumstance. 
EXAMPLE (1.21). For ka 8 and n = 3k+ 2 we consider the following 
values of d and g, 
(1.22) d=(4k+l)m+3k+j 
g=~k(d,n)-3=(4k+1)(m+l)m/2+(j-2)m+[(k+j-1)/2]-3, 
where j= 2 if k is even, j= 3 if k is odd. Notice that, since E = 3k + j- 1 
is odd, here we have A(d, n)=7c,(n, d)+ i, thus 2(A(d, n)-g) = 7. We 
claim that for infinitely many values of d the pair (d, g) is a gap in P”. First 
of all we observe that if m is large enough then g > ?rk+ ,(d, n) and d > 2”+’ 
so that, by force of a theorem of J. Harris (see [H, Theorem (3.22)]), any 
irreducible non-degenerate curve of degree d and genus g in P” lies on a 
surface S of degree v < 4k + 1. On the other hand, results by Horowitz (see 
[Ho, Theorems 1, 2, Chap. 11) imply that S is either ruled by lines, and 
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this is the only case if v < 4k - 1, or has a rational pencil of tonics and 
therefore is a rational surface with hyperelliptic hyperplane sections, and 
this may only happen if v = 4k, 4k + 1, or is isomorphic to P2. We notice 
that the latter case can never happen in our hypotheses. In fact a surface 
in p’ isomorphic to P2 is just the projection of a Veronese embedding of 
F’* from a subspace which does not intersect the Veronese surface itself and 
therefore it has degree of the form v =a?, for some integer a, such that 
a(a + 3)/2 3 Y. Thus in our case we would find 
which yields k(k - 6) < 0, a contradiction. If S is a scroll let y be the genus 
of (a general hyperplane section of) S. If a smooth, irreducible, non- 
degenerate curve of degree d and genus g lies on S and intersects the lines 
of the ruling of S in p points then a well-known formula of C. Segre (see 
[S, p. 1271) tells us that 
2[(p-l)d-g]=vp(p-l)-2p(y-l)-2. 
Replacing for d and g their values given by (1.21), the above becomes a 
diophantine equation Q,,,(p, m) = 0 which must be satisfied by p and m. 
Now, since v < 4k + 1 and, of course, y < 4k + 1 - (3k + 1) = k, we have a 
finite number of these equations and we want to show that there are 
infinitely many values of m for which all these diophantine equations have 
no solutions in p. But this is clear from the general theory of diophantine 
equations of degree two in two variables (see, for example, [Ml). In fact 
each equation Q,,,,(p, m) =O, with v< 4k+ 1, defines a hyperbola with 
irrational asymptotes in the (p, m)-plane and on such a curve there may be 
infinitely many integral points (p,, m,) but, and this is the crucial fact, 
both sequences {p,}, (m,, 1 increase exponentially with n. On the other 
hand, the equations Qdk+ ,,;,(p, m) = 0 represent parabolas and these again 
may have infinitely many integral points (p,, m,), but, as one easily checks, 
both sequences {p,}, Cm,} increase quadratically with n. On the whole 
this tells us that for infinitely many values of d there is .no smooth, 
irreducible, non-degenerate curve of degree d and genus g given by (1.22) 
on a surface of degree v 6 4k + 1 in P” ruled by lines. Suppose now that the 
surface S on which such a curve, if existing, should lie is rational with 
hyperelliptic hyperplane sections. Again using results by Horowitz (see 
[Ho, Sect. 1.2, Proposition 31) as well as Castelnuovo’s classification of 
such surfaces (see [C2]) we see that: 
(i) if v =4k then S is isomorphic to a smooth quadric of P3 
embedded in P” via the complete linear system of curves of type (2, k) 
on it: 
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(ii) if v = 4k + 1 then S is a surface of type (k + 2 + i, k + i[2i], 13), 
i = 0, . . . . k, with this meaning that it is a rational surface represented on the 
plane by the linear system of curves of degree k + 2 + i having a point of 
multiplicitiy k + i with i double points infinitely near to it and three other 
simple base points. 
Assume our curve of degree d and genus g lies on a surface S for which 




This system represents a hyperbola with irrational asymptotes in the 
(a, b, m)-space. Applying to it the same argument as before we again infer 
that for infinitely many choices of m the system has no integral solutions; 
for the corresponding values of d and g we have no curve with these 
invariants on such a surface. Finally, we are left with case (ii). First let us 
assume our curve lies on a surface of type (k + 2, k, 1 3). Then as we have 
already seen the equation 
(1.23) 
must be solvable for some integers r, Q, CQ, CQ. Since A(d, n) - B(d, n) = 
(4k-&+$/2=(k-j+2+$)/2, we have g> B(d, n) as soon as k b 8, 
namely n 3 26. But in this case for any solution of (1.23) we must have 
r = R, which is not possible because then we should have a solution in 
integers of the equation 
7= 1 u;, 
j=2.3.4 
It is important to notice here that we have actually proved more than we 
wanted in this case: in fact we have seen that, just by arithmetical reasons, 
there is no divisor class of degree d and arithmetic genus g on a surface of 
type (k + 2, k, 1’). Let us finally see that, similarly, no such divisor class 
can lie on a surface of type (k + 2 + i, k + i[27, 13). For brevity we only 
make the case i= 1, the other ones being similar. The point is to observe 
that, if such a class had to exist, then it should exist also on a surface of 
type (k + 3, k + 1, 2, 13), which in turn is nothing else than a surface of 
type (k + 2, k, 13) as one may easily see by making a quadratic trans- 
formation of the plane based at the points of multiplicity k + 1, 2 and at 
a point of multiplicity 1. Since we have already seen that there is no such 
class on a surface of type (k + 2, k, l’), we are done. 
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It may be worth noticing that the above example also shows that 
Corollary (1.20) cannot be improved by weakening the hypothesis on n. 
2. DEGREE AND GENUS OF CURVES IN P6, Ii". 
REMARKS ON THE GENERAL CASE 
In the present section we will apply results from Section 1 as well as the 
theorem proved in [CS] and methods and ideas from [H, Ci] in order to 
describe all possible values of the degree and the genus for an irreducible, 
non-degenerate, smooth curve in p6, ff ‘, which correspond, in the notation 
of Section 1, which we shall keep here, to the case k = 2, h < 2. We will give 
a detailed discussion for p6 (in this case we will be able to completely solve 
the existence problem), and, after that, we will briefly discuss the case of 
P’, in which we have an almost complete solution of the existence problem. 
The discussion for ED* should be analogous but is not worked out here. 
Notice that the case k = 1, corresponding to curves in P3, P4, [FD5, is already 
known. In fact P3 has been analysed by Gruson and Peskine in [GP] and 
P4 and P5 by Rathmann in [R]. Finally, we briefly discuss the existence 
problem for curves in P’ for a general n. 
2.a. We start with P6 and, first of all, we recall what we already 
know: 
(a) by [CS] we know that for any pair (d, g) such that da 6 and 
O<gd(d-6)‘/18 
there exists a smooth irreducible non-degenerate curve of degree d and 
genus g in P6 lying on a rational surface of degree 9 and type (7, 3*, 2’, 12); 
(b) by Theorem (1.1) we know that for any pair (d, g) such that 
d> 13 and 
dd, 6) < g d dd 6) 
there exists a smooth irreducible non-degenerate curve of degree d and 
genus g in P6 lying on a rational surface of degree 7 and type (4,2, 1’). 
Our first objective will be to put (a) and (b) together to prove the 
following: 
THEOREM (2.1). For an)’ pair (d, g) such that d > 6 and 
O<g<x,(d, 6) 
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there exists a smooth irreducible non-degenerate curve of degree d and genus 
g in P6. 
The proof will be divided in three parts according to the following ranges 
of d: 
(i) 6 < d< 12, in which neither (a) nor (b) gives us enough informa- 
tion; 
(ii) 13 6 d< D(6), where D(6) is the minimum integer such that for 
any d>D(6) one has cp(d, 6) ~(d-6)~/18 (clearly such an integer does 
exist because cp(d, 6) grows like d$); 
(iii) D(6) 6 d, which is the easy case, since both (a) and (b) may be 
applied. 
Range (i) is easy and we can actually prove more than we need. 
PROPOSITION (2.2). For any pair (d, g) such that 6 < d < 12 and 0 < g < 
n,(d, 6) there exists a smooth irreducible non-degenerate curve of degree d 
and genus g in p6. 
Proof. We do not have to worry about the cases in which d- g 2 6 
because of the existence of non-special curves, and we do not have to worry 
either of curves with g= z,(d, 6), because we know there are smooth 
irreducible non-degenerate Castelnuovo curves. Since q,(d, 6) = d- 6 if 
d< 11, and ~(12,6)=7, we are done. 1 
2.b. In order to examine the ranges (ii) and (iii), we need the 
following preliminary computational result whose proof we omit. 
LEMMA (2.3). The function G(d, 6) = (d-6)2/18 - q(d, 6) is monotone 
increasing for d > 13; it vanishes at a point of the interval ]42,43[. 
Now we are finally in position to conclude the proof of Theorem (2.1). 
We know that D(6) = 43 and applying (a) and (b) of Section 2.a we can 
say that the statement of the theorem is certainly true in the range (iii), 
namely for d>,43. For d=42 we have (r(p(6, d)j = 72 = (42- 6)2/18 and 
therefore, by the same reasons as before, the theorem is true again. Finally, 
for 13<d<41 (range (ii)) we have 
U(d- 6)2/18l + 1 G I[446 41 
and we must produce examples of curves with these values of the degree d 
for all genera 
U(d- 6)‘/181 + 1 d g d [(p(6, d)J 
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Such curves can be found on a rational surface of degree 7 and type 
(4,2, 1’); we have found them by exhaustive search with a computer. The 
list of such examples is in Appendix A. 
2.~. Now we pass to the second part of our analysis concerning P6, 
namely we are going to solve the existence problem for pairs (G$ g) with 
d> 13 and g > rc2(d, 6). In order to do this we shall prove the following 
proposition which extends, in the case of P, a result from [Ci] and 
proves, again for P6 only, a part of a conjecture of J. Harris [H, p. 1321. 
PROPOSITION (2.4). Let C he a smooth, irreducible, non-degenerate curve 
in P6 of degree d and genus g. If d 3 15 and g > nr(d, 6) then C lies on a 
surface of degree 5 or 6 in P6. 
Proof In the range 15 6 d< 32 the theorem has already been proved in 
[Ci, Theorem (3.7)]. It may be worthwhile to point out here that, 
although in [Ci] the assumption is made that the base field has charac- 
teristic zero, in order to use the uniform position lemma, all results from 
[Ci] hold in any characteristic if the further assumption is made that the 
curves we deal with are smooth and irreducible. In fact, in view of some 
results of Rathmann’s (see [R, Chap. 7]), the monodromy group of a 
smooth curve over any base field is either the full symmetric group or the 
alternating group over the points of a general hyperplane section of the 
curve; thus the monodromy is transitive enough in order that all arguments 
of [Ci] still hold. We are going to implicitly use these remarks in the rest 
of this proof. Now we fix our attention on the case d > 32. First assume C 
is not linearly normal. Then, since 7c2(d, 6) 3 x,(d, 6), results by J. Harris 
(for reference, now and in what follows, see [Ci, H]) imply that the curve 
C’ of P’ of which C is a projection lies on a rational normal scroll, thus 
C itself lies on the projection of such a scroll, and the statement is proved 
in this case. We assume now C to be linearly normal and introduce the 
following notation: I- will be the generic hyperplane section of C and h, 
will be the Hilbert function of r, namely, for any positive integer i, /z,ji) 
is the number of independent conditions which f imposes to hypersurfaces 
of degree i of P’, or, in other words, 
hr(i) =dim ImjH”(PS, C$(i)) + H”(r, O,-(i))),. 
By Castelnuovo’s theory it is well known that h,(2) 2 11 and the theorem 
certainly holds if h,(2) = 11, 12. If h,(2) = 13 then (the proof of) Theorem 
(3.7) of [Ci] implies that C lies on a surface of degree 7 or less, which in 
turn yields the assertion of g< nz(d, 6) and further, if h,(2) > 15 one has 
g d n?(d, 6) by more trivial reasons. So the only case to be discussed is 
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h,(2) = 14. Since d> 32 all quadrics of Ps containing r (we have a 
6-dimensional linear system of them) cut out a positive dimensional variety 
one irreducible component which, let us call it A, must contain some point 
of r (this is a consequence of Fulton’s version of the Bezout theorem, see 
[F, p. 2231). Further, deg A d 32 and this, together with a monodromy 
argument, easily implies that A contains all of ZY Therefore A is, like f, 
non-degenerate in P’. This yields at once that A is a curve. In fact, let us 
assume dim A = a > 1. If P is a generic subspace of codimension a in P5, 
and A’ is the set of points in which P meets A, using the non-degeneracy 
of A (as well as that of its generic space sections) it is easy to see that the 
restriction map 
H0P5, 9x2)) + ffO(P, 442)) 
(where, of course, YA, &. are the ideal sheaves of A in Ps and of A’ in P, 
respectively) is injective. Thus we would have h’(P, 3542)) 2 7, where A’ is 
a non-degenerate finite set of points in P, which in turn is a projective 
space of dimension 5 -a 6 3; this leads, of course, to a contradiction. We 
denote now by h,., the Hilbert function of A and notice that, if deg A > 9, 
then, by Castelnuovo’s theory we get 12,(2) 3 15, while we know that 
h,(2) =/z,(2) = 14. Thus deg A < 8. Now, just with the same argument 
used by J. Harris in the proof of his Lemma (3.24) in [H, p. 119], we see 
that deg A = 8 would yield g d n,(d, 6) while deg A = 7 yields g < n,(d, 6) 
so that both cases are impossible. Therefore we have deg A < 6 and this 
shows that the linear system of all quadrics through C has in its base locus 
a surface of degree 6 or less whose general hyperplane section is A. 1 
The above proposition is all that is needed to decide whether a pair 
(d, g) with d>, 13 and g> n2(d, 6) is a gap or not in P6. First one can 
easily check that n*(d, 6) = n,(d, 6)- 1 if d= 13, 14, so we may actually 
only worry about the cases d> 15. Then (d, g) is not a gap if and only if 
there exists a surface S of degree 6 or less in P6 and a smooth irreducible 
non-degenerate curve C on S with degree d and genus g. The problem is 
therefore reduced to : 
(1) classify all surfaces of degree 5, 6 in P6; 
(2) for any such surface determine all possible values of degrees and 
genera of smooth irreducible non-degenerate curves on it. 
We shall briefly discuss (1) and (2) in the next sections. 
2.d. Surfaces of degree 5 in P6 are well known: they are rational 
normal scrolls and there are three types of them, up to projective equiv- 
alence, namely 
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(i) a scroll QO containing as sections of the ruling an irreducible 
conic and a rational normal cubic which generate P6; 
(ii) a scroll @, containing as sections of the ruling a line and a 
rational normal quartic which generate P6; 
(iii) a cone Q2 over a rational normal quintic. 
From an abstract point of view we consider iF,,, = P(O,, 0 O,,( -m)) and 
notice that this surface has a section CO, corresponding to the quotient 
fi,,( -m) of O,, 0 O,,( -m), such that Ci = -?n. If F is the class of a line 
in Pic(ff,,) we have: 
(i’) @,z5, embedded in P6 via the complete linear system 
ICO + 3FI, and the canonical system K of Q. is given by the formula 
K - -2c,- 3F; 
(ii’) @, z [F, embedded in lP6 via the complete linear system 
IC, + 4FI, and the canonical system K of Dj is given by the formula 
K - -2C,- 5F; 
(iii’) @, is given by the image of the map from IF, to P6 determined 
by the complete linear system IC, + 5FI, and the canonical system K of [F, 
is given by the formula K - -2C, - 7F. 
With all these data and using well-known facts about rational ruled 
surfaces (see, for instance, [Ha, chap. V, Sect. 2]), it is now simple to 
determine degrees and genera of smooth curves on QO, @, , Q2. We have 
the following 
PROPOSITION (2.5). There exists a smooth irreducible curve of degree d 
and genus g on one of the surfaces @,, @, , (P2 if and only $ 
(a) either d = 1, g = 0, corresponding to lines of the rulings; 
(b) or d = 1, 2, g = 0, corresponding to the image of C, on 0,, @,,, 
respectively; 
(cl or there exist two integers a > 0, c > 0 such that 
(2.6) d=3a+c, g=a(a- 1)/2+(a- l)(c- 1). 
In case (c) the curve is degenerate if and only if a = 1 and c < 2. 
Proof There exists a smooth irreducible curve C on QO if and only if 
either (a) or (b) happens or there exist two integers a, 6, with b>a>O, 
such that C N aC, + bF. If we put c = b - a and use (ii’), we easily find 
formula (2.6) for the degree and the genus of C. The converse is also trivial, 
since we recover b from a and c. Finally, C can be degenerate if and only 
if a = 1 and b < 3, which means c < 2. Similarly. except for the trivial cases 
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(a), (b), we have a smooth irreducible curve C on @, if and only there exist 
two integers a, b, with b 2 3a > 0, such that C- aC, + bF. Then we put 
c = b - 2a and repeat the above argument. Finally, the case of QZ is almost 
trivial, because, with the same notation as above, we must have 
C - aC, + bF with b 3 5a, but in fact we may only have b = 5a, 5a + 1, 
since C. C, must be either 0 or 1. Then we put c= 2a in the first case, 
c = 2a + 1 in the second, and proceed as above. 1 
2.e. Now we finally come to surfaces of degree 6, noticing that a 
curve on such a surface is certainly non-degenerate as soon as its degree is 
at least 7. The hyperplane section of such a surface is either rational or 
elliptic. Accordingly we have the following types of surfaces of degree 6 
in P6: 
(i) rational scrolls projected from P’; 
(ii) Del Pezzo surfaces; 
(iii) elliptic scrolls. 
The problem of determining degrees and genera of curves on surfaces of 
type (i) is quite similar to the one we have worked out in the previous 
section, so we do not repeat the details but just state the results. 
PROPOSITION (2.7). There exists a smooth irreducible curve of degree d 
and genus g on a rational scroll of degree 6 if and only if: 
(a) either d= 1, g = 0, corresponding to the lines of the ruling; 
(b) or d= 1, 2, 3, g = 0, corresponding to sections of minimal order of 
the scrolls; 
(c) or there exist two positive integers a, c, such that 
d=3a+c. g=(a- l)(c- I). 
In the last case the curve may be degenerate only if a = 1, c 6 3. 
We consider now Del Pezzo surfaces, and, first of all, the nonsingular 
one. These are rational surfaces of type (3, 1 3), where the plane has been 
blown up at three noncollinear points. With notation introduced in Section 
La, to give a divisor class on such a surface we shall give a quadruple 
(a, b, , b2, b3). Then all the formalism of Section 1.d can be applied, if we 
put everywhere k = 1, h = 3; of course formula (1.9) should be replaced by 
G.8) g=F(d, r)- c (,=2.3 a:)/2, 
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where 
F(d,r)={d(r-1)-3r2/2f/2+1. 
A simple, but interesting, fact about curves on these surfaces is expressed 
by the following 
PROPOSITION (2.9). There exists a smooth irreducible curve of degree d 
and genus g on a smooth Del Pezzo surface in p6 if’ and only if there is u 
quadruple (a, b,, bz, b,) such that (1.2). (1.3). (1.4) are verzjied. 
Proof: If there is such a quadruple we already know that in the linear 
system (a, b,, b,, b,) there is a smooth irreducible curve (see Section 1.d). 
Assume now that there exists a system (~1, h,, b,, b3) containing some 
smooth irreducible curve. The point here is to observe that the quadratic 
transformation of the plane based at the points we blow up to obtain the 
Del Pezzo surface induces an automorphism of the Del Pezzo surface itself, 
which, in turn, for obvious reasons, is induced by a projective trans- 
formation of P6. In this transformation the original system (a, b, , b,, b3) is 




It is moreover clear that II - (h, + h,), u - (h, + b,), a - (b, + h?) must be 
non-negative, otherwise each curve in (a, b,, b,, b3) would be reducible, 
containing an exceptional curve corresponding to a line in the plane joining 
two of the blown-up points. 1 
We can finally prove the following result concerning smooth irreducible 
curves on a general Del Pezzo surface in P6. 
THEOREM (2.10). There exists a smooth irreducible curve of degree d and 
genus g on a general Del Przzo surface in P6 if and or@> $ there e.uists a 
positive integer r such that 3r 6 d and: 
(i) 2(F(d, r) - g) can be expressed as the sum of the squares of two 
integers less than or equal to r/2, if r is even; 
(ii) 8( F(d, r) - g) can be expressed us the sum qf the squares of two 
odd integers less than or equal to r, t f  r is odd. 
Proof: Arguing like in Section l.d, what we can say a priori is that 
there exists a smooth irreducible curve of degree d and genus g on a 
general Del Pezzo surface in P6 if and only if the system formed by (1.7), 
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(l.S), (2.8) has some integral solution with positive r; note that for any 
such solution we have d- 3r >, -aZ + a3 > 0. Of course (i) and (ii) just say 
that (2.8) has some solution and this, together with the previous remarks, 
proves one of the implications of the statement. Let us prove the other one. 
Since we have solutions of (2.8), then (1.7) and (1.8.1) are (almost) 
automatically verified, so we only have to worry about (1.8.2). If this is 
verified there is nothing else to be proved. If not, we simply have to observe 
that the solution of (2.8) we have in force of (i) and (ii) gives us, via 
formulae (1.6), a system (a, bi, h,, b3) of curves of degree d and arithmetic 
genus g on the Del Pezzo surface. Since ( 1.8.1) holds then we easily deduce 
that ( 1.4.1) and (1.4.2) hold and moreover h, >, b, > 0. Since d > 3r we have 
r<(d-r)/2<(d-a,-a,)/2=a 
and then we also have h, > 0. Therefore, up to reordering 6, , hz, b,, we are 
done. 1 
Solving (i) and (ii) of Theorem (2.11) is, of course, a matter of 
arithmetic. But one can, as well, easily find an algorithm and give it to a 
computer in order to determine, for each degree d, all possible genera of a 
smooth irreducible curve on a Del Pezzo surface in P6 (we have done 
something similar, in order to solve the existence problem, for the Del 
Pezzo surface in ff ‘; see Section 2.f and Appendix C) 
Finally, we should say something about singular Del Pezzo surfaces and 
ellipic scrolls. First, we notice that a Del Pezzo surface can be specialized 
to a singular one if the three points in the plane we blow up are no longer 
in general position, but all lie on the same line, which is contracted to an 
ordinary double point of the surface. It is obvious that this is the only 
degeneration of a Del Pezzo surface which is still a Del Pezzo. It should be 
clear then that the set of pairs (d, g) such that there exists a smooth 
irreducible curve on a singular Del Pezzo surface is (strictly) contained in 
the analogous set relative to a general Del Pezzo. A similar conclusion 
holds for elliptic scrolls. It is in fact well known that any such scroll of 
degree 6 in P6 is necessarily a cone over an elliptic normal curve in p5. 
Then a smooth irreducible curve on such a cone is homologous either to 
a multiple of a hyperplane section or to a multiple of a hyperplane section 
plus a line and the values for d and g we get for these curves can also be 
obtained for curves on a Del Pezzo surface. Our analysis concerning all 
possible degrees and genera of smooth irreducible non-degenerate curves in 
P6 is thus concluded. 
2.f. The analysis for P7 may parallel the one we have drawn in the 
case of P6. For instance, statements (a) and (b) of Section 2.a can be 
replaced by the following: 
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(a’) for any pair (G!, g) such that d> 6 and 
there exists a smooth irreducible non-degenerate curve of degree d and 
genus g in IP’ lying on a rational surface of degree 10 and type (5, 2’, 1’) 
(see CCSI 1; 
(b’) for any pair (d, g) such that d3 15 and 
4J(d 7) < g d n,(d, 7) 
there exists a smooth irreducible non-degenerate curve of degree d and 
genus g in P’ lying on a rational surface of degree 8 and type (4, 2, 1 4, 
(Theorem ( 1.1)). 
We would now like to prove the analog of Theorem (1.1) and so we 
must analyse the three ranges: 
(i) 7<d< 14; 
(ii) 15 ,< d< D(7), where D(7) is the minimum integer such that for 
any d> D(7) one has cp(d, 7) <(d- 7)‘/20; 
(iii) D(7) 6 d. 
No problem arises in range (i), where we can prove the analog of 
Proposition (2.2), namely 
PROPOSITION (2.11). For any pair (d, g) such that 7 <d< 14 and 
0 d g < no(d, 7) there exists a smooth irreducible non-degenerate curve qf 
degree d and genus g in P6. 
Also Lemma (2.3) can be easily extended. We have in fact the 
LEMMA (2.12). The function G(d, 7) = (d- 7)‘/20 - cp(d, 7) is monotone 
increasing for da 15; it vanishes at a point of the interval ]94,95[. 
So D(7) = 95 in this case. There is no problem in range (iii), where we 
can apply both (a’) and (b’). Finally, in range (ii), in analogy with what 
happens for P6, we have searched for smooth curves of degree 15 < d< 94 
and genus 
(2.13) [[(d-7)‘/201 + 16g< [rq(d, 711 
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on surfaces of type (4,2, 14), filling up all the gaps. The list is in 
Appendix B. So we can state the 
THEOREM (2.14). For any pair (d, g) such that d 2 7 and 
0 < g < nz(d, 7) 
there exists a smooth irreducible non-degenerate curve of degree d and genus 
g in P’. 
The last step is to analyse the pairs (d, g), with d3 15 and g > nz(d, 7). 
Again the discussion is very similar to the one we made for P6 but unfor- 
tunately here it does not give quite complete results. We would like in fact 
to prove the analog of Proposition (2.4) and precisely that ifC is a smooth 
irreducible non-degenerate curve of degree d > 15 and genus g > 7r2(7, d) in 
P’ then C has to lie on a surface of degree at most 7. Now, thanks to the 
results of [Ci], the above statement is certainly true if 17 <d < 38 and no 
problems arise for d= 14, 15, 16 because n,(d, 7) = xo(d, 7) - 1 for these 
values of d. Moreover, repeating the proof of Proposition (2.4), it can be 
proved that the statement is again true if d > 65. In the range 39 6 d 6 64 
results from [Ci] yield that the conclusion of the italicized statement holds 
provided g >p,(d, 7) (we refer to [Ci] for the definition of the numbers 
p,(d, n) and only notice here that, in the above range of d, one has 
zz(d, 7) <p,(d, 7) < rcl(d, 7)). On the whole what can be proved is sum- 
marised in the following 
PROPOSITION (2.15). Let C be a smooth irreducible non-degenerate curve 
of degree d > 17 and genus g > q(d, 7) in P’. If either d < 38 or da 65 then 
the curve lies on a surface of degree 6 or 7, and the same conclusion holds 
in any case if g>pX(d, 7). 
Finally, the discussion concerning smooth irreducible curves of P’ lying 
on a surface of degree 6 or 7, similar to that of Sections 2.d and 2.e, 
proceeds with no problem. It turns out that the possible values of d and g 
for non-degenerate curves on such surfaces are of the type: 
(a) d=3a+c,g=(a-l)(c-1),a,c~O(rationalscrollofdegree6); 
(b) d=4a+c, g=a(a- 1)/2+(c- l)(a- l), a>O, c>O (rational 
scroll of degree 7); 
(c) d=3a-bl-bl, g=[(a-l)(a-2)-b,(b,-l)-b,(b,-1)]/2, 
a 2 b, + b,, b, k 6, 3 0 (Del Pezzo surface; curves on elliptic cones give no 
new values of d and g); 
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and, as usual, (c) could be rephrased in terms of new coordinates d, Y, a 
in the Picard group of the Del Pezzo surface (see Section 1.a) and Theorem 
(2.9)). 
Finally, for 38 < dd 64 and 7r2(7, d) <g d ~~(7, d) we expect that a 
smooth irreducible non-degenerate curve of degree d and genus g in P’ lies 
on a surface of degree at most 7 (see Harris’ conjecture already mentioned 
above). In searching for these curves on such surfaces we have obtained the 
results listed in Appendix C: there are only 24 pairs (d, g) in this range 
which are not realizable as pairs (degree, genus) of a smooth irreducible 
non-degenerate curve on a surface of degree at most 7 in P’, and only for 
these pairs MV are not able to sohe the existence problem. According to 
Harris’ conjecture we believe that these pairs are gaps. 
Summarizing all the above discussion we can say that the problem of 
deciding u,hether (d, g ) is a gap in P7 is sohed except .for 24 cases (listed at 
the end of Appendix C) which are presumably gaps. 
Of course a similar discussion could be worked out for P’, but it would 
certainly be harder to get complete results even in the range 
Obg< x2(d, 8), because, for instance, D(8) = 338. We do not believe it 
useful to spend any more time on this. 
2.g. The case of curves in P”, n > 8, corresponding to k > 2, offers 
even more difficulties. We want at least to outline what the general picture 
should be. As usual we shall have four ranges for d and g in which three 
different kinds of problems arise in discussing the existence of gaps: 
(A) n<d<d,,(n); 
(B) d,(n) <d< D(n), where D(n) is the minimum integer such that, 
for any d3 D(n) one has cp(d, n) < (d- n)2/4(n - 2), and 0 <g 6 7ck(d, n); 
(C) d>D(n) and O<gbn,(d,n); 
(D) dad,(n) and g>7ck(d, n). 
Now range (A), which for k = 2 was the easy one because d was small 
with respect to n, becomes in general very nasty due to the fact that d,(n) 
grows like n 4. The problem is to find out a way of exhibiting smooth 
curves for these relatively low values of d and for all genera from 
[(d-n)*/4(n-2)Ij + 1 through n,(n, d), or, of course, determining the 
corresponding gaps. 
In range (B) we find smooth curves when Odgd (d-n)‘/4(n-2) (see 
[CS]) and when cp(d,n)<g<z,(d,n), if h=O, 1, or when cp(d,n)<g< 
n,(d,n)-~,+max{0,~k-3k-l}, if h=2 (see Theorem (1.1)). We 
know that gaps are to be expected in the range 7tk(d, n) -pllk + 
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max { 0, sk - 3k - 1 > < g d rc,Jd, n) (see example (1.20)), but we do not yet 
know all of them precise&. Furthermore in the range (d- n)2/4(n - 2) < 
g d (p(d, n) we have no information at all. Presumably it should be possible 
to fill up all gaps there with curves on rational surfaces of relatively low 
degree, starting with the ones of type (k + 2, k, 1’ ~ “) and continuing with 
others with hyperelliptic hyperplane sections, but we have no precise idea 
of how this can be done, except with exhaustive search as we did for 
P6 and P’. 
In range (C) we are in better shape, because here we know that all gaps 
can be filled, with the usual exceptions in the range rck(d, n) - pLk + 
max{O, sX - 3k - 1 } < g 6 zck(d, n), when h = 2. Of course the point with 
range (C), and with range (B) as well, is to estimate D(n). In case h = 0 
Rathmann found in [R, p. 561 the estimate D(n) 3 55(k+ 1)2, which 
should be improved, because he uses a function strictly smaller that 
(d- n)‘/4(n - 2). In any case it can be easily shown that D(n) grows 
quadratically with n for any h. 
Finally, range (D) comes, in which one has to deal with Harris’ conjec- 
ture mentioned above several times. For d > 2”+ ’ Harris’ conjecture holds 
and therefore we know that a smooth irreducible curve has to lie on a 
surface of degree v < 4k - 2 + h. Such a surface is either ruled by lines (and 
this certainly happens if v < 4k - 1 + h) or is rational and swept out by a 
pencil of tonics (and therefore has hyperelliptic hyperplane sections, see 
[Ho] ). In the latter case one has v = 4k - 2 + h, the surfaces are well-known 
ones, and it is not difficult to describe all curves on them (look at the case 
h = 2 discussed in Example (1.21)). By way of contrast, if the surface is a 
scroll we do not know too much about all possible degrees and genera of 
the smooth irreducible curves lying on it, unless we deal with a rational 
scroll. So a further problem here is to better understand the geometry of 
irrational scrolls, at least of those of 10~’ degree in a projective space. In the 
range d<2”+‘, in the absence of any information about Harris’ conjecture, 
we are completely stuck. Because of the already quoted results of [Ci] 
something can be said only if g>p3(d, n), which is not so much, compared 
with the whole range g> x,Jd, n) (actually this turns out to be of some 
relevance only if k = 2, and this is the reason why the case of P6 could be 
worked out so nicely). 
In conclusion, we want to summarise the state of our knowledge about 
the existence problem with the following sketch, which shows the (d, g) 
plane. We have marked with a the line d = n, with b the line d = d,(n), with 
c the line d = D(n), with e the line d = 2”+ ‘, with f the graph of the func- 
tion cp(d, n), with h the parabola of equation g= (d-n)2/4(n -2), with i 
the (approximate) parabola of equation g = 7ck(d, n) (plus the correction 
term max(0, sX- 3k- 1) -,uk if h = 2), and with 1 the (approximate) 
parabola of equation x,(d, n). The existence problem makes sense for 
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integral points under the curve 1 and above the d axis. In the shaded region 
we know that the problem has an affirmative answer. In the dotted region 
Harris’ conjecture holds. 
I I h 
APPENDIX A 
In this appendix we give a list of examples of smooth irreducible 
non-degenerate curves of degree d and genus g in IFD6 with 13 < d 6 41 and 
z(d) < g d /3(d), where a(d) = [(d- 6)‘/18J + 1 and P(d) = [q(d, 6)]. These 
curves have been found on a rational surface S of degree 7 and type 
(4, 2, I’), and are therefore listed by giving their class (a, b,, . . . . b6) in 
Pit(S) (here we follow notations and conventions introduced in Section 
1.a). The existence of smooth irreducible curves in the classes we list is 
ensured by the fact that (1.4), with h = 0, holds for these classes. 
d=13. a(13)=3, 8(13)=6 
g=3, (5,3,1,04) 
g=4, (5, 22, 1. 03) 
g=5, (5. l’,O’) 
g=6, (5, 16) 
d= 15, x(15)=5, 8(15)=9 
g=5, (5,2, 1,04) 
g=6, (5, 14,02) 
g = 7, (6. 23, 1, 02) 
g=8, (6,2?, l’,O) 
g=% (6, 2. 1’) 
d=17, a(17)=7, /?(17)=11 
g = 7, (6, 3, 1. 04) 
g=8, (6.2’. 1,03) 
g = 9, (6, 2. l’, 02) 
g= 10, (6. 16) 
g=ll. (7,24, 1,O) 
d=14, x(14)=4, p(14)=7 
g=4, (5,22,04) 
g=5, (5.2, l’,O’) 
g=6, (5, l’,O) 
g= 7, (6, 2j, l’, 0) 
d=16,a(16)=6,/?(16)=10 
g=6. (5, 13,03) 
g=7, (6,2’,03) 
g= 8. (6, 2’. l’, 0’) 
g=9, (62, 14.0) 
g=lO, (7.2’,0) 
d= 18, a(18)=9, /I(lS)= 13 
g=9, (6,2, 13,03) 
g= 10, (6, 15. 0) 
g=ll, (7,24,02) 
g= 12, (7, 2’. 1’. 0) 
g= 13, (7.2:.14) 
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d=l9, a(l9)=10, 8(19)= 14 
g = 10, (6, 14, 0’) 
g= 11, (7, 3,2, 1.03) 
g= 12, (7,23, 1,02) 
g=l3, (7,2*, 13,0) 
g= 14, (7,2, 15) 
d=21, a(21)= 13, /?(21)= 18 
g= 13, (7,22, 1,03) 
g=14, (7.2,13,02) 
g= 15. (7, 16) 
g = 16, (8, 3, 2*, 1.0’) 
g = 17. (8, 2“, 1,O) 
g = 18. (8, 2’, 1’) 
d=23, x(23)=17, /?(23)=22 
g = 17, (8. 3, 2, 1, 0’) 
g=18,(8,23,1,0’) 
g = 19, (8, 2’, l’, 0) 
g=20, (8,2, 1’) 
g= 21, (9, 32, 2, 12,O) 
g = 22, (9, 3,23. 1, 0) 
d= 25, a(25) = 21, p(25) = 26 
g=21, (8, 16) 
g=22, (9,32,12,02) 
g = 23, (9, 3, 22, 1, 0’) 
g=24. (9,24, 1.0) 
g = 25. (9, 2’. 13) 
g = 26, (10, 33, 2, 1,O) 
d= 27, x(27) = 25, j(27) = 30 
g = 25, (9. 23, 1,0-y 
g = 26, (9, 22, 1 3, 0) 
g=27, (9, 2, 15) 
g = 28, (10, 32, 2*, 0’) 
g= 29, (10, 32, 2, 1’. 0) 
g=30. (10,3,23, 1,0) 
d = 29, a(29) = 30, fi( 29) = 35 
g=30, (10,32, lZ,O2) 
g = 31, (10, 3,2’. 1.02) 
g=32, (10,24, LO) 
g=33, (10,23. 13) 
g=34, (11,4,3,2*,02) 
g=35, (11,3’,2, 1,O) 
d=20, a(20)= 11, j(20)= 16 
g = 11, (7, 3, 2, OJ) 
g = 12, (7,23, 03) 
g = 13. (7,2’, 12, O?) 
g = 14, (7, 2, 14, 0) 
g = 15, (8, 3, 23, O*) 
g = 16, (8, 25, 0) 
d=22, a(22)= 15, p(22)=20 
g= 15, (7, 15,0) 
g = 16, (8, 3, 2*, 0’) 
g = 17, (8, 24, 0’) 
g= 18, (8, 2’, I’. 0) 
g= 19, (8,2*, 1“) 
g = 20. (9. 3’, 2’, 1, 0) 
d = 24, a(24) = 19, j(24) = 24 
g= 19, (8, 2*, l*, 0’) 
g=20, (8.2, 14,0) 
g=21, (9, 32,2, 1,O’) 
g = 22, (9, 3, 23,02) 
g = 23, (9, 25, 0) 
g= 24, (9,24, 12) 
d= 26, a(26) = 23, p(26) = 28 
g = 23, (9, 3, 2*, 03) 
g = 24, (9, 24, 0’) 
g = 25, (9, 23, l’, 0) 
g=26, (9,22, 14) 
g=27, (10,33,12,0) 
g = 28, (10, 3*, 2’, 1,O) 
d= 28, a(28) = 27, /?(28) = 33 
g = 27, (9,2, 14, 0) 
g = 28, (10,4,2’, 0’) 
g = 29, (10, 3*, 2, LO*) 
g = 30, (10, 3,2’, 0’) 
g=31, (10,25,0) 
g=32, (10,24, 12) 
g=33, (11,34, 1,O) 
d=30, a(30)=33, 8(30)=37 
g= 33, (10,2’, 12,O) 
g=34, (10,22,14) 
g = 35. (11, 33, 2,02) 
g=36, (11,33, l*,O) 
g=37, (11,32,2’,1,0) 
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d=31 a(31)=35, P(31)=40 
g=35, (10,2,15) 
g=36, (11, 3j. 1,O’) 
g=37, (11,3”. 2*,oq 
g=38, (11,32,2, l’,O) 
g=39, (11,3,23. I,O) 
g=40, (11.25, I) 
d=33. c((33)=41, P(33)=45 
g=41. (11, 24, 1,O) 
g=42, (11.2’. l-‘) 
g=43, (12,3j. 20) 
g=44. (12,4,3.2”,0’) 
g = 45, (12. 3”, 2, 1.0) 
d=35, a(35)=47, p(35)=51 
g = 47, (12, 32, 2:, 0’) 
g=48, (12, 3’. 2, 12,O) 
g=49, (12,3,23, 1.0) 
g=50, (12.25. I) 
g=51, (13,4.33,0’) 
d= 37, ~((37) = 54, b(37) = 56 
g=54. (13.34,02) 
g=55, (13.4,3,2?,0’) 
g = 56, (13. 3’, 2, 1. 0) 
d=39, x(39)=61, ,!l(39)=63 
g=61, (13,25, 1) 
g=62, (14,4’,3,2,0’) 
g = 63. (14, 4, 33, 0’) 
d=41, ct(41)=69. /?(41)=69 
p=69. (14,3’,2’,0) 
d=32, r(32)=38, j(32)=43 
g=38, (11,32,2, 1,O’) 
g = 39, (11, 3,2), O?) 
g=40, (11.25.0) 
g=41, (11.24, 1’) 
g=42, (12,4,3’.2,0*) 
g=43, (12,34, 1,O) 
d= 34, sr(34) = 44, p(34) = 48 
g = 44. (5. 2, 1 z, 0’) 
g=45, (12.33,2.0’) 
g=46, (12,3’, l’,O) 
g=47, (12.3’.2’,1,0) 
g=48. (12, 3. 24, 0) 
d=36. x(36)=51, 8(36)=54 
g=51, (12,24,1’) 
g = 52, (13,42,2’, 0’) 
g=53, (13,4,3’,2.0?) 
g = 54, (13, 34, 1. 0) 
d = 38, ~(38) = 57, p(38) = 59 
g= 57. (13, 33, 12,O) 
g= 58, (13.32,2?, 1, 0) 
g=59. (13.3,2”.0) 
d = 40, ~~(40) = 65, p(40) = 66 
g=65, (14,4,3’,2.0’) 
g=66, (14.3“, 1,O) 
APPENDIX B 
In this appendix we give a list of examples of smooth irreducible 
non-degenerate curves of degree d and genus g in P’ with 17 <d< 94 and 
or(d) 6 g 6 P(d), where or(d) = [(d- 7)*/20] + 1 and /l(d) = [cp(d, 7)Ij. These 
curves have been found on a rational surface S of degree 8 and type 
(4,2, 14), and we follow notation and convention used in Appendix A. 
d=17, ct(17)=6, p(17)=11 
g=6, (8, 6. 1’3 0) 
g=7, (6.3, LO31 
g=9, (7,32, 12.0) 
g=10,(8,5,2,13) 
g=ll, (7,24. 1) 
d=18, a(18)=7, p(18)=12 
g= 7, (9, 7, 14) 
g=& (7,4,2,03) 
g = 9, (7, 3’, 1,oq 
g = 10, (8,5, 2. l*, 0) 
g= 11. (8,5, 14) 
g= 12. (8.4, 23,O) 
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d=l9, u(l9)=8, p(l9)=14 
g = 8, (8, 5, 3, 03) 
g = 9, (7, 3’, 03) 
g = 10, (8, 5, 2, 1. O?) 
g= 11, (8, 5, l’, 0) 
g= 12, (9, 6, 2. 1’) 
g = 13, (8, 3*. 2’, 0) 
g = 14, (8, 3’, 2, l*) 
d=21, u(21)= 10, p(21)= 18 
g = 10, (9, 6, 3,O’) 
g= 11, (8, 5, LO’) 
g = 12, (9, 6, 2, 1, O*) 
g = 13, (9,6, 13, 0) 
g= 14, (10. 7.2, 13) 
g= 15, (9, 5,3, 12.0) 
g = 16, (9, 34, 0) 
g = 17, (9,4, 3. 22,O) 
g = 18, (10, 6, 23, 1) 
d=23, a(23) = 13, p(23) = 22 
g = 13, (9, 6, 1. Oi) 
g=l4, (10,7,2,1,0*) 
g= 15, (10, 7, 13,O) 
g= 16, (11, 8, 2, 13) 
g = 17, (9, 5,2, 1.02) 
g= 18, (10, 6, 3, I*, 0) 
g = 19, (10, 6,2’, 1, 0) 
g = 20, (10. 5,4, 1 3, 
g=21, (11,7,23, 1) 
g=22, (10,42,22, 1) 
d=25, a(25)= 17, /T(25)=26 
g=l7, (11,8, 13.0) 
g= 18, (12,9,2, 13) 
g= 19, (9,4. 3,03) 
g=20, (10, 5.4,1,02) 
g=21, (11,7,3, 12,O) 
g = 22. (11, 7. 22, 1, 0) 
g=23, (11, 7,2, 13) 
g=24, (12,8,23, 1) 
g=25. (11,6.3,2*,0) 
g=26, (11,5,33,0) 
d = 27, ~((27) = 21, jI(27) = 31 
g=21. (11,7,3,03) 
g = 22, (9,3?, 2’) 
g=23, (11.7,2, 1,O’) 
g=24, (12,8,3,12,0) 
g=25, (12,8,22, 1.0) 
g=26, (12, 8,2. 1’) 
d=20, a(20)=9, 8(20)=16 
g=9, (8,4*,03) 
g = 10, (8, 5, 2.03) 
g= 11, (8, 5. l*, 0’) 
g= 12, (9, 6, 2, l*. 0) 
g= 13, (9,6, 14) 
g = 14, (8,3’, 2, 1.0) 
g = 15, (9, 5, 23,O) 
g = 16, (9, 34, 1) 
d= 22, ~(22) = 12, j(22) = 20 
g = 12, (9. 5, 4,03) 
g= 13, (9, 6, l*, O*) 
g=l4, (10,7,2,1*,0) 
g= 15, (10,7,14) 
g= 16, (9,4*, 12, 0) 
g= 17. (9, 5, 2, 12,O) 
g=18, (10,6,23,0) 
g= 19, (10, 6, 2*. 1’) 
g=20, (11,7,24) 
d= 24, a(24) = 15, /?(24) = 24 
g=l5, (10,6,4,03) 
g= 16, (11, 8, 2. 12, 0) 
g= 17, (11, 8, 14) 
g= 18, (10, 6, 3, l,O*) 
g = 19, (10, 6, 22, 02) 
g=20, (10,5,4,12,0) 
g=21, (11,7,23,0) 
g=22, (11,7,22, 1’) 
g=23, (12, 8, 24) 
g= 24, (10,34, 1) 
d= 26, a(26) = 19. /?(26) = 28 
g = 19, (12.9. 14) 
g = 20, (10, 5, 4,03) 
g=21, (11,7,3,1,0’) 
g = 22. (11, 7,2*, 0’) 
g=23, (11,7,2,12,0) 
g = 24, (12, 8, 23, 0) 
g=25, (12,8,22, 12) 
g=26, (13,9,24) 
g = 27, (11,4*, 3*, 0) 
g=28, (11,5,3*.2,0) 




g=26, (12,8,2, l’,O) 
g = 27, (13, 9. 2’, 0) 
g=28. (13,9,22, 12) 
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d=27, a(27)=21, 8(27)=31 
g=27, (13,9,2’. 1) 
g=28, (12,7,4, 13) 
g=29, (12.7,3,2’.0) 
g=30. (12, 7, 3. 2, 1’) 
g=31, (12, 4”. I) 
d= 29. ~(29) = 25, b(29) = 36 
g=25. (ll.5’,03) 
g=26, (17.8,2, 1.0’) 
g=27. (13,9.3, l’,O) 
c/=28, ci(28)=23, j(28)=33 
g = 29. (14, 10.2’) 
g=30, (12, 6, 5. I”) 
g=31, (12.44.0) 
g = 32, (12, 6. 4, 2’, 0) 
~~33, (13,8.3.2’,0) 
d= 30. a(30)=27, 8(30)=39 
g=27. (13,9,3, l.OQ 
g = 28. (13,9, 22, 0’) 
g=29, (13,9,2. l’,O) 
g=28, (13. 9, 2’. 1. 0) 
g = 35, (13, 8, 2J, 1) 
g=36. (14.9.3.2’) 
g=29, (13.9,2, I’) 
g=30. (14,10,2’, 1) 
g=31, (12.7.3, l’,O) 
g=32, (13.8.4, 1’) 
g=33, (13.8.3.2’,0) 
g=34, (13.8.3.2. l-‘) 
14, 10, 21,O) 
14, 10.2:. I ‘) 
15, 11.Y) 
12, 6, 4, 2. 0’) 
13,8,3,2, 1.0) 
13,7. 5. I’) 
13.8, 3’. I’) 
d=31,cx(31)=29,fi(31)=41 
g=29, (13,9,2,1.02) 
g=30, (14,10,3, l’.O) 
g=31, (14.10,2~.1.0) 
g= 32, (14. 10.2, 1’) 
g=33, (15.11,23.1) 
g=34, (13,8.3,2.0’) 
g=35, (13, 7, 5, l’,O) 
g=36, (14.9.4, 13) 
g = 37, (14,9. 3, 2’, 0) 
g = 38. ( 14,9, 3, 2, 1’) 
g=39, (14,9, 2J, 1) 
g=40, (15, 10,3.23) 
g=41, (14, 8, 33,0) 
g = 37, 
g=30, 
( 14,9, 3. 2L. 1) 
g = 38. (14,9, 2”) 
g=31, 
g = 39. ( 13, 6. 4. 3’. 0) 
d=32, a(32)=32, 8(32)=44 
g=32, ( 
g = 32, 
g=33, 
( 14. 10, 2, 1’. 0) 
g=33, (15,ll,2’,0) 
g=34, 
g=34, (15.11,2’. 1’) 
g=35, (16, 12.2’) 
g=35, 
g=36. (14,9,4, l”.O) 




g=40. (14,8.5. 1’) 
g=41, (15, 10,3.2’. 1) 
g=42, (15, 10,2j) 
g=43, (14. 8, 3’, 2, 0) 










15, 11.22, 1,O) 
15. 11,2, 1’) 
16. 12, 2’, 1) 
13. 8, 2, 1, 0’) 
14, 9, 3. 2.0’) 
14, 9, 3, I:, 0) 
15, 10,4, 1’) 
15, 10. 3, 22.0) 
d=34.&34)=37. 0(34)=50 
g=37.‘(16. 12, 2+) 
~~38. (17. 13, 2’) 
g = 39, (14, 9. 3, 1.0’) 
g = 40, ( 15. 10, 4. 12, 0) 
g=41, (14,9,2, l’,O) 
x=42, (15, 10,3,2, 1,O) 
g=43, (15,10,2’.0) 
g=44, (15.10,2’. 1’) 
g=42. (15, 10.3. 2, 1;) g=45, (16, 11, 3.2’. 1) 
g = 43. (15, 10.23, 1) g=46. (16. 11.2’) 
g=44, (16, 11.3.2’) g=47, (15,9,4,2’,0) 
g=45. (14.7,5.2’,0) g = 48, (15.9, 3’. 2.0) 
g=46, (15,9,3’,0) g=49, (15.9.32,1’) 
g=47, (15.9,4,2’. I) g = 50, ( 15. 9. 3, 2’, 1) 
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d= 35, a(35) = 40, fi(35) = 53 
g=40, (15,10,4, 12) 
g = 41, (14,9, 2, 1,O’) 
g=42, (15, 10,3,2,0’) 
g=43, (15. 10,3,12,0) 
g=44, (16, 11,4, 13) 
g=45, (16, 11,3,2’,0) 
g=46. (16, 11, 3, 2, I’) 
g=47, (16, 11,2j, 1) 
g=48, (17, 12, 3,23) 
g=49, (15,9,32,1,0) 
g=50, (15,9,3,2’,0) 
g=51, (16, 10,33,0) 
g = 52, (16, 10, 4, 22, 1 ) 
g = 53. (16. 10, 32, 2, 1) 
d= 37, a(37) = 46, j(37) = 60 
g=46, (16, 11,3,2,0’) 
g=47, (16, 11,3, l’,O) 
g=48, (17,12,4,13) 
g=49, (17,12,3,2’,0) 
g=50. (17, 12,3,2, 1’) 
g=51, (17,12,2’. 1) 
g = 52, (18, 13, 3, 2’) 
g=53, (16, 10,4, 2, 1, 0) 
g=54, (16,9,6,1’) 
g= 55. (16. 10, 3, 2’. 0) 
g=56. (17, 11,3’,0) 
g=57, (17, 11,4,22, 1) 
g=58, (17, 11,3’,2, 1) 
g=59, (17, 11.3,23) 
g=60, (18, 12,33,2) 
d= 39, ~~(39) = 52, p(39) = 67 
g=52, (18, 13.4, 13) 
g = 53, ( 18, 13, 3, 22, 0) 
g=54, (18. 13, 3, 2, I’) 
g=55, (18. 13, 23. 1) 
g = 56, (19, 14, 3, 2’) 
g=57, (16, 10,3, l’,O) 
g=58, (17, 11,4,2, 1,0) 
g=59. (17, 11.32, 1,O) 
g=60, (17, 10,6, 1’) 
g=61, (18, 12,3’,0) 
g= 62, (18. 12,4, 22. 1) 
g=63, (18, 12,32,2, 1) 
g=64, (18, 12, 3, 23) 
g=65, (19, 13, 32, 2) 
g=66, (17, 10,3’,0) 
g = 67, ( 17,9, 6, 22, 1) 
d= 36, ~(36) =43, b(36) = 57 
g=43, (15, 10.3. 1,O’) 
g=44, (16. 11,4. l’,O) 
g=45, (15,9,5, 1,O’) 
g=46, (16. 11.3.2, 1,O) 
g=47, (16. 11,2’,0) 
g=48, (16, 11,2’. 1’) 
g = 49, (17, 12. 3. 2’, 1) 
g=50, (17,12,24) 
g=51, (15,9,3,2,1,0) 
g=52, (16, 10.4,2”,0) 
g= 53. (16, 10, 32, 2, 0) 
g=54, (16, 10,3’, 1’) 
g=55, (16, 10,3,2’. 1) 
g=56, (17, 11, 33, 1) 
g=57. (17.11,32.2*) 
d=38, a(38)=49, 8(38)=63 
g=49. (16. 11,2. l’,O) 
g=50, (17, 12,3,2, 1,O) 
g= 51, (17, 12,23,0) 
g= 52, (17, 12,2?, 12) 
g=53, (18, 13,3,22, 1) 
g=54, (18, 13. 24) 
g= 55, (17, 11,5, 1’) 
g=56. (16, 8, 7. 13) 
g = 57. (17, 11,4,2’, 0) 
g=58, (17.11,3’.2.0) 
g=59. (17.11,32, 12) 
g=60. (17, 11,3,2’, 1) 
g=61, (18. 12, 33, 1) 
g=62. (18, 12,3’, 2’) 
g=63, (19, 12, 34) 
d = 40, ~~(40) = 55, ,0(40) = 71 
g=55, (18, 13.2’,0) 
g=56, (18, 13,22, 1’) 
g=57, (19, 14,3,2’. 1) 
g=58, (19, 14,2“) 
g=59, (17, ll,32.02) 
g=60, (18, 12, 5, 13) 
g=61, (17,11,3,2.1,0) 
g=62, (18. 12,4,2’,0) 
g=63, (18, 12,3’,2,0) 
g=64, (18. 12, 32, 1’) 
g=65, (18. 12, 3. 2’, 1) 
g=66, (19, 13, 33, 1) 
g=67, (19, 13, 32, 2’) 
g = 68, (20, 14. 34) 
g=69, (18, 11,4,32,0) 
g = 70, ( 17,6’, 52, 0) 
g=71. (18. 11,4,3,2, I) 
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d=41, a(41)=58, 8(41)=74 d=42, a(42)=62. /l(42)=78 
g= 58, (19, 14, 3, 2. l?) g = 62, (20. 15.2“) 
g=59, (19, 14,23, 1) g=63, (18, 12,4,2,02) 
g=60. (20. 15,3,2’) x=64, (18, 12,32,02) 
g-61. 
g=62, 





17, 1 I, 3, 2,Ol) g=65, 
17, ll.3.1’,0) g=66. 
18, 12.4. 2. 1.0) g=67, 
18. 12. 3’. 1, 0) g=68, 
18. 12, 3. 2’. 0) g=69, 
19, 13, 3’, 0) ,e = 70. 
19, 13.4,2’. 1) g=71. 
19. 13. 5. lj) 
18, 11.6, l”,O) 
19. 13,4. 2’. 0) 
19. 13, 3’. 2.0) 
19. 13, 3z. I ‘) 
19, 13,3,2’. 1) 
20. 14,3’. 1) 
g=68. (19, 13,3’,2. 1) 
g=69, (19, 13,3,2’) 
g= 70, (20. 14, 3’. 2) 
g=71, (18,11,4,3.2,0) 
g=72, (18, 11,3’,0) 
g=73, (18, f1.4,2’. 1) 
g=74. (19,12,5,23) 
g = 72, (20, 14, 3’, 2’) 
g = 73, (20, 14.3’) 
g = 74, (18. 10. 6, 2’. 0) 
g=75, (19, l2.4,3~.0) 
g=76, (18,6”,0) 
g=77, (19, l2.4,3,2, 1) 
g=78, (19,12,3’, 1) 
d = 43, ~(43) = 65. b(43) = 82 
g=65. (19, 13, 5, l’,O) 
g=66, (IS, 11.6, LO’) 
g=67, (18, 12. 3, l’,O) 
g=68, (19, 13,4,2, 1,0) 
g=69, (19, 13. 3’. 1.0) 
g = 70. (19, 13. 3, 2’. 0) 
g= 71, (20, 14.32,0) 
g = 72, (20, 14.4. 2’, 1) 
g=73. (20. 14.3l.2, I) 
g=74. (20,14.3,2’) 
g=75. (20, 15.32.2) 
g=76. (19, 12,5.2, 1’) 
R = 77, (19, 12,4. 3, 2,O) 
g=78. (19. 12, 33,0) 
g=79, (19. 12,4,2’, 1) 
g=80, (20,13,5,2>) 
g=81, (20. 13. 4, 2’, 1) 
g=82, (20. 13.4.3.2’) 
d=45, a(45)=73, 8(45)=91 
g=73, (20, 14,4,2, 1,O) 
g=74. (20,14,3’, 1,O) 
g = 75, (20. 14, 3. 2z, 0) 
g=76, (21. 15, 31,0) 
g= 77, (21. 14,4, 22, 1) 
g=78, (21, 15.3*,2. 1) 
g= 79, (21, 15, 3, 23) 
g= 80, (22, 16.3j, 2) 
g=81. (20, 13,5.2’,0) 
g=82, (20, 13, 5. 2. 1’) 
g = 83. (20, 13. 4, 3. 2, 0) 
d=44, a(44)=69. /?(44)=86 
g = 69, (19, 13. 3’. 0’) 
g=70, (20, 14.5, 1’) 
g=71, (19,13,3,2,1,0) 
g=72, (20, 14.4,2’,0) 
‘y = 73, (20, 14, 3’, 2, 0) 
g = 74, (20, 14,3:, 1’) 
g = 75, (20, 14, 3. 2’. 1) 
g=76, (21, 15. 3’. 1) 
g=77. (21. 15.3’. 2’) 
g=78. (‘2. 16. 3“) 
x=79. (19. 12.4,2’,0) 
g=80. (19, 12,3’,2,0) 
6~81. (20, 13,4.3’,0) 
g=82, (19. ll,6,2, 12) 
g=83, (20, 13,4,3,2. 1) 
g=84, (20. 13. 3’, 1) 
g = 85. (20, 13, 3’, 2’) 
g = 86, (21. 14, 4, 3’, 2) 
d-46, ~((46)=77, /!l(46)=94 
g=77. (21, 15,4,2’.0) 
g= 78. (21, 15, 3’, 2, 0) 
g=79, (21.15,3’. 1’) 
g=80, (21, 15, 3. 2’. 1) 
g=81, (22, 16, 3j. 1) 
g = 82, (22, 16, 3’. 2’) 
g=83. (23, 17,3’) 
g= 84, (20. 12, 7, 1’) 
g = 85, (20, 13,4. 2’. 0) 
g=86, (20,13,3’,2,0) 
g= 87, (21, 14, 4, 3’. 0) 
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d = 45, ~(45) = 73, b(45) = 91 
g = 84. (20. 13, 33,O) 
g=85. (20. 13,4.2’, 1) 
g = 86. (21, 14, 5, 23) 
g=87, (21. 14.4.3’. 1) 
g = 88, (21, 14.4, 3,2’) 
g= 89, (21, 14. 33, 2) 
g=90, (22, 15.4.3’) 
d=47. x(47)=81. p(47)=98 
g= 81. (22, 16, 33, 0) 
g= 82. (22, 16, 4, 2’, 1) 
g = 83. (22, 16, 3’, 2, 1) 
g = 84. (22, 16, 3, 2’) 
g=85. (23.17,33,2) 
g=86, (20, 13.4.2. 1,0) 
g = 87, (21, 14, 5.2’. 0) 
g=88, (21, 14. 5, 2, l*) 
g= 89, (21, 14, 4, 3, 2, 0) 
g=90, (21. 14, 33.0) 
g=91, (21, 14,4, 2’, I) 
g=92, (22, 15. 5, 2’) 
g=93. (22, 15,4,3’, I) 
g = 94, (22, 15.4, 3. 22) 
g = 95. (22, 15,33,2) 
g= 96. (23. 16,4,3’) 
g=97. (21, 13,42,3,0) 
g=98, (21. 13, 5. 3,2, 1) 
d= 49, ~(49) = 89, b(49) = 107 
g=89, (23, 17,3.2-‘) 
g = 90, (24, 18, 33. 2) 
g=91, (21, 13,7, I’,O) 
g=92, (21, 14.4.2, 1) 
g = 93. (22, 15, 5,22,0) 
g=94, (22. 15, 5, 2. 12) 
g = 95. (22. 15,4, 3, 2. 0) 
g = 96, (22, 15, 3’. 0) 
g= 97, (22, 15,4,22, 1) 
g= 98, (23, 16, 4, 2’) 
g=99, (23, 16,4, 3*. 1) 
g = 100. (23, 16,4, 3. 2’) 
g= 101, (23, 16. 3’, 2) 
g = 102. (24. 17,4. 33) 
g = 103, (22, 14. 5. 3’, 0) 
g = 104, (22, 14.4’, 3,O) 
g= 105, (22, 14. 5, 3, 2, 1) 
g = 106, (22, 14, 42, 2, 1) 
g= 107, (22, 14.4,3’, 1) 
d=46, a(46)=77. 8(46)=94 
g = 88, (20, 12. 6, 2’, 0) 
g=89,(21,14,4,3,2,1) 
g= 90, (21, 14,33, 1) 
g= 91, (21, 14,3’, 2’) 
g = 92, (22. 15,4, 3’. 2) 
g=93. (22,15,34) 
g=94, (21, l3.43,o) 
d=48, a(48)=85, /?(48)= 102 
g = 85, (22, 16, 3, 2’, 1) 
g= 86, (23, 17. 3’, 1) 
g = 87, (23, 17, 3’, 22) 
g=88, (24, 18, 3“) 
g = 89, (21, 14, 5, 1)) 
g = 90, (21, 14. 4, 3, 1.0) 
g=91, (21,13,7,13) 
g = 92, (21. 14, 32, 2,0) 
g = 93, (22, 15,4,32,0) 
g=94, (21, 14,3,22, I) 
g = 95. (22. 15,4, 3. 2, 1) 
g=96, (22, 15, 33, 1) 
g=97, (22, 15,32,22) 
g = 98, (23, 16, 4, 3’, 2) 
g = 99, (23, 16, 34) 
g = 100. (21, 13, 4, 32.0) 
g= 101, (22,14,43,0) 
g= 102. (21. 13,4. 3, 2, 1) 
d=50, a(50)=93,/?(50)=111 
g = 93, (25, 19,34) 
g=94, (22, 15. 5, 2, 1,O) 
g=95, (22,15.5,13) 
g = 96, (22, 15, 4, 3, 1, 0) 
g = 97, (22, 15,4,22,0) 
g = 98, (22. 14,7, 1’) 
g = 99, (23, 16,4, 32, 0) 
g= 100. (22, 15.3,2*, 1) 
g=lOl, (23, 16.4,3,2, 1) 
g= 102, (23,16,3j. 1) 
g = 103, (23, 16, 3*, 2*) 
g = 104, (24, 17,4, 3’, 2) 
g= 105, (24, 17, 3“) 
g = 106, (22, 14,4’. 2, 0) 
g = 107, (22, 14,4, 32.0) 
g= 108, (23, 15, 43. 0) 
g = 109, (22, 13, 7, 22, 1) 
g = 110, (23, 15, 5. 3’, 1) 
g=lll. (23,15,42,3,1) 
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d=51, c((51)=97. 8(51)=116 
g=97, (21, 13.6. 1.0’) 
g = 98, (22. 14. 7, 1:. 0) 
g=99, (23, 16. 5, 2’, 0) 
g= 100, (23. 16. 5. 2. 1’) 
g = 101, (23, 16.4, 3. 2.0) 
g= 102, (23, 16, 32, 0) 
g = 103, (23. 16,4. 2’, 1) 
g= 104. (24, 17, 5,2”) 
p= 105, (24, 17,4.3’, 1) 
g = 106. (24. 17,4, 3. 2’) 
g= 107, (24. 17, 3’. 2) 
g= 108. (25, l&4, 32) 
g= 109, (23, 15, 6, 2’, I) 
g = 110, (23. 15. 5, 3’, 0) 
g=lll, (23,15,4’,3,0) 
g=l12,(23,15.5,3,2,1) 
g= 113, (23, 15. 4’. 2. 1) 
g= 114, (23, 15.4, 3?. I) 
g=115, (24, 16.4’. 1) 
g = 116, (24, 16, 5. 3’. 7) 
d= 53. ~((53) = 106, ,0(53) = 125 
g= 106, (24, 17, 5. 2, 1’) 
g = 107, (24, 17,4, 3. 2.0) 
g = 108. (24, 17, 3j, 0) 
g = 109, (24, 17, 4, 2’, 1) 
g= 110, (25, 18, 5,2’) 
g= 111, (25, l&4. 32. 1) 
g = 112, (25, 18, 45, 3, 2’) 
g= 113, (25,18,3’. 2) 
g= 114. (26, 19,4, 33) 
g= 115, (23, 15, 5, 2, 1’) 
g= 116. (24, 16, 6, 2’. 1) 
g = 117, (24, 16, 5, 3’. 0) 
g= 118, (24, 16, 4’. 3, 0) 
g= 119, (24, 16, 5, 3. 2. 1) 
g = 120, (24, 16, 4’. 2. 1 ) 
g= 121. (24, 16. 4, 3’. 1) 
g= 122, (25, 17.4’. 1) 
g= 123, (25, 17, 5, 3’. 2) 
g = 124, (25, 17.4’, 3. 2) 
g= 125, (25, 17.4.3’) 
d=55, a(55)= 116, /?(55)= 134 
g= 116, (26, 19.5, 21) 
g= 117, (26, 19, 4, 3z. 1) 
g = 118, (26, 19. 4, 3, 2’) 
g= 119, (26, 19. 3’, 2) 
g= 120, (27,20,4,3’) 
g= 121. (24, 16, 4’. 1, 0) 
d=52, a(52)= 102, 8(52)= 120 
g=102, (23,16,4,3, 1,O) 
g= 103, (23. 16.4, 2’: 0) 
g = 104, (23, 16. 3’, 2, 0) 
g= 105, (24, 17. 4, 3’. 0) 
g=lO6, (23, 16.3.2’. I) 
g = 107, (24, 17,4. 3. 2, 1 ) 
g= 108, (24. 17. 3’, 1) 
g= 109. (24, 17, 3’. 22) 
g=llO,(25.18,4.3’,2) 
I:= 111. (25.18,34) 
g= 112. (23, 15, 5. 3,2.0) 
g=113. (23,15,4z.2,0) 
(I = 114, (23, 15.4, 3’. 0) 
g= 115, (24, 16.4’. 0) 
g=116. (23.15.4.3.2.1) 
g= 117, (24. 16, 5, 3’, 1) 
g= 118, (24. 16. 4’, 3, 1) 
g= 119, (24, 16, 4’. 2’) 
,q= 120, (24, 16, 4, 3’. 2) 
d=54. a(54)= 111, j(54)= 130 
g=lll. (25, 18,4.3”,0) 
g= 112. (24, 16. 7, 1’) 
g=113, (25.18.4,3,2.1) 
g= 114, (25, 18, 3’, 1) 
g = 115. (25, 18, 3’, 2’) 
g=116,(26.19,4,3’,2) 
g= 117, (26, 19,3’) 
g=118,(23.14.7.2,1,0) 
g=119,(24.16,5.3,2.0) 
g= 120. (24, 16.4’. 2.0) 
g= 121, (24, 16, 4, 3’. 0) 
g= 122, (25, 17, 4j. 0) 
g=123,(24,16,4,3,2.1) 
g = 124. (25, 17, 5, 3’. 1 ) 
g= 125, (25, 17,4’. 3, 1) 
g= 126, (25, 17,4’. 2’) 
g= 127. (25, 17.4. 3’. 2) 
g = 128. (26, 18,4j, 2) 
g= 129. (26, 18,4’. 3’) 
g = 130. (27, 19, 4d) 
d=56, a(56)= 121, /3(56)= 139 
g= 121. (26, 19, 3’. 2*) 
g= 122, (27. 20, A. 3’. 2) 
g= 123, (27,203 34) 
g= 124, (25, 17, 6. 2, 1’) 
g= 125. (24, 16, 4, 2’. 0) 
g= 126. (25, 17, 5. 3. 2. 0) 
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d = 55. ~(55) = 116, B(S) = 134 
g= 122, (24, 16, 5, 2, I’) 
g= 123, (25, 17, 6, 2’. 1) 
g= 124, (25, 17, 5, 3’, 0) 
g = 125, (25, 17,4’. 3,O) 
g= 126, (25, 17, 5, 3, 2, 1) 
g = 127, (25, 17, 42. 2, 1) 
g= 128, (25. 17,4, 3’. 1) 
g= 129, (26, 18.4j. 1) 
g= 130, (26, 18, 5, 3’. 2) 
g= 131, (26, 18, 4’, 3, 2) 
g = 132, (26. 18,4, 3’) 
g = 133, (27, 19,43,3) 
g= 134, (25, 16, 5,4’, 0) 
d= 57, x(57)= 126, j(57)= 144 
g = 126, (28, 21,4, 3’) 
g = 127, (25. 17, 5. 3. 1, 0) 
g= 128, (25, 16, 8, 1’) 
g = 129, (25, 17, 5. 2. 1 2, 
g= 130. (26, 18,6. 22, 1) 
g= 131. (26, 18, 5, 32, 0) 
g = 132. (26, 18,4’, 3,0) 
g = 133. (26, 18, 5, 3, 2, 1 ) 
g= 134, (26, 18. 4’, 2, 1) 
g = 135, (26, 18,4, 32, 1) 
g= 136, (27, 18,4’, 1) 
g = 137, (27, 19, 5, 32, 2) 
g= 138, (27, 19, 42. 3, 2) 
g= 139, (27, 19,4, 32) 
g = 140, (28,20, 41, 3) 
g= 141, (25, 15. 8, 22, 1) 
g = 142, (26, 17. 5,4*, 0) 
g= 143, (26, 17. 6, 3’, 1) 
g = 144, (26, 17, 6, 3, 22) 
d=59, a(59)=136, jI(59)=154 
g= 136, (26, 17,8, 13) 
g= 137, (27. 19, 6, 2’, 1) 
g= 138, (27, 19, 5,3’, 0) 
g = 139, (27, 19.4’, 3.0) 
g= 140, (27, 19, 5, 3, 2. 1) 
g= 141, (27, 19, 4’. 2, 1) 
g= 142, (27, 19,4, 3’, 1) 
g= 143, (28, 10,4’, 1) 
g= 144, (28, 10, 5, 3’, 2) 
g = 145, (28, 10, 42. 3, 2) 
g = 146, (28.20,4, 33) 
g= 147, (29,21, 42, 3) 
g = 148. (27, 18,7,2’) 
g = 149, (26. 17, 4’. 3, 0) 
g= 150, (27. 18. 5, 4’. 0) 
d= 56, ~((56) = 121, /?(56) = 139 
g = 127, (25, 17, 42, 2, 0) 
g=l28, (25, 17,4,3’,0) 
g= 129, (26, 18, 43, 0) 
g= 130, (25, 17, 4, 3, 2, 1) 
g= 131, (26, 18, 5, 32, 1) 
g= 132, (26, 18,4’, 3, 1) 
g = 133, (26, 18, 42, 2’) 
g= 134. (26, 18.4, 3’. 2) 
g= 135, (27, 19,4j, 2) 
g= 136, (27, 19,4’, 3’) 
g = 137, (28, 10, 44) 
g = 138, (25, 16, 43, 0) 
g= 139, (25, 16, 5, 4, 2, I) 
d= 58, ~(58) = 131, /I(58) = 149 
g= 131, (26, 18, 6, 2, 1’) 
g= 132, (25, 17, 4. 2’, 0) 
g= 133. (26, 18, 5, 3, 2, 0) 
g = 134, (26, 18, 4’. 2, 0) 
g= 135, (26, 18, 4, 32, 0) 
g= 136, (27.19,4’. 0) 
g = 137, (26. 18, 4, 3, 2, 1 ) 
g= 138, (27. 19, 5, 32, 1) 
g= 139, (27. 19,4’, 3, 1) 
g= 140, (27, 19,4’, 2’) 
g = 141, (27. 19,4, 32, 2) 
g= 142, (28, 10,4’, 2) 
g = 143, (28, 10,4’, 3’) 
g = 144, (29,21,4”) 
g = 145. (26, 17, 5.4, 3,0) 
g = 146, (26, 17,4j, 0) 
g=147.(26,17,5,4,2,1) 
g= 148, (26, 17, 5. 32, 1) 
g = 149, (26, 16.8, 23) 
d=60, c460)= 141, b(60) = 160 
g= 141, (27, 18, 42, 2.0) 
g= 142. (27, 19, 4, 3’. 0) 
g = 143, (28,20,4’, 0) 
g = 144, (27, 19,4, 3, 2, 1) 
g= 145, (28, 10, 5. 3’, 1) 
g = 146, (28, 20, 42. 3, 1) 
g= 147, (28,20,4’, 2’) 
g= 148, (28. 20,4, 3’. 2) 
g= 149, (29.21,4’, 2) 
g = 150, (29, 21,4’. 3’) 
g= 151, (30. 22,44) 
g= 152, (26. 17.4, 3*, 0) 
g=153,(27.18.5,4,3.0) 
g = 154. (27, l8,4’, 0) 
g = 155, (27. 18, 5,4, 2. 1 ) 
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d=59. ct(59)=136, 8(59)=154 
g= 151, (27, 18, 6, 3’. 1) 
g= 152, (27, 18, 6, 3, 2’) 
g = 153, (27, 18, 5, 4, 3, I) 
g=154, (27, 18.4’, 1) 
c/=61, x(61)= 146, jQ61)= 165 
g = 146, (28, 20, 4’. 3. 0) 
g = 147, (28, 20, 5, 3, 2, 1) 
g = 148, (28, 20,4’, 2, I ) 
g = 149, (28, 20, 4. 3’. 1 ) 
g=150, (29.21,4’, 1) 
g= 151, (29, 21, 5. 3’. 1) 
g= 152, (29. 21,4’, 3. 2) 
g= 153. (29? 21,4, 3A) 
g = 154, (30.22.4’, 3) 
g=155, (27. 18,5,4,2,0) 
g= 156, (28, 19, 7, 23) 
g= 157, (27, 18. 4’. 3. 0) 
g=158. (28,19.5,4’.0) 
g = 159, (28, 19. 6, 3’. 1 ) 
g= 160, (28, 19. 6, 3, 2’) 
g= 161, (28, 19, 5. 4, 3. 1) 
g= 162, (28, 19,4’, 1) 
g= 163, (28, 19. 5, 3’. 2) 
g= 164, (29,20.6, 3>) 
g= 165, (29, 20. 5, 4’. 2) 
d-63. ~(63)~ 157. /Q63)= 176 
g= 157. (30,22,4’, 1) 
g = 158, (30, 22. 5, 3’. 2) 
g = 159, (30, 22.4’. 3, 2) 
g= 160, (30. 22,4. 33) 
g= 161, (31,23,4’. 3) 
g= 162. (28, 19, 6, 3, I’) 
g= 163, (28, 19, 5, 4, 2. 0) 
g = 164, (29. 20,7.2”) 
g= 165, (28. 19. 4’. 3.0) 
g = 166, (29, 20, 5, 4’. 0) 
g = 167. (29. 20, 6. 3’. I ) 
g = 168, (29, 20. 6, 3, 2’) 
g= 169. (29, 20, 5, 4, 3, 1) 
g= 170. (29.20.43, 1) 
g= 171. (29. 20, 5. 3’. 2) 
g= 172, (30,21,6,3’) 
g= 173. (30.21, 5.4’. 2) 
x=174. (30,21.5,4.3~) 
‘q=175. (30.21,4’.3) 
g= 176. (31, 22. 5, 4’) 
d=60, 5((60)= 141, 8(60)= 160 
g= 156, (27, 18, 5, 3’, 1) 
g= 157, (27, 18,4’. 3, 1) 
g = 158, (28, 19, 5,4’, 1) 
g= 159, (27, 18, 4, 3’. 2) 
g= 160. (28, 19, 5. 4, 3. 2) 
ti= 62, a(63) = 152, 1((62) = 170 
g = 152, (29, 21. 5, 3’. I ) 
g= 153, (29,21.42, 3. I) 
g= 154, (29. 21, 4’. 2’) 
g= 155, (29, 21. 4. 3’, 2) 
g= 156, (30.22.4’. 2) 
g = 157, (30. 22.4’, 3’) 
g= 158, (31.23.4“) 
g = 159. (28, 19, 6, 3’, 0) 
g= 160, (27, 17. 8, 2, 1’) 
g= 161. (28, 19, 5. 4, 3, 0) 
g= 162. (28, 19,4’, 0) 
g= 163, (28, 19. 5, 4, 2, 1) 
g= 164. (28, 19, 5. 3’, 1) 
g= 165, (28, 19. 4’, 3. 1) 
g=166, (29,20,5,4’,1) 
g= 167, (28, 18. 8, 21) 
g= 168. (29, 20,5.4, 3,2) 
g = 169, (29, 10.4’. 2) 
g = 170. (29, 20.4’, 3’) 
d=64. a(64)= 163, 8(64)= 181 
g= 163, (31.23.4’. 2) 
g= 164, (31,23,4’, 3’) 
g= 165, (32, 24,4“) 
g = 166, (28, 19, 5. 3, 2, 0) 
g= 167, (29, 20, 6. 3’. 0) 
g= 168, (28. 18, 8. 2’, 0) 
g = 169, (29. 10, 5, 4, 3, 0) 
g = 170, (29,20,4’, 0) 
g=171, (29,20,5,;1,2. 1) 
g = 172, (29, 20. 5, 3:, I) 
g= 173, (29, 20,4:. 3, 1) 
g= 174, (30, 21. 5, 4’. 1) 
g = 175. (29, 20. 4. 3’. 2) 
g= 176. (30, 21. 5. 4, 3, 2) 
g= 177. (30,21.43,2) 
g= 178, (30, 21.4’. 3’) 
g= 179. (31.22. 5,4’. 3) 
g = 180. (31.22. 44) 
g= 181. (29, 19, 5’, 4.0) 
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d=65, ~~(65) = 169, p(65) = 187 
g= 169, (29, 20. 6, 3, 2, 0) 
g= 170, (29, 20. 6, 3. 1’) 
g= 171, (29. 20, 5, 4, 2. 0) 
g= 172, (30,21,7,23) 
g = 173, (29, 20, 4’, 3,0) 
g= 174. (30. 21, 5, 4’, 0) 
g= 175, (30.21, 6, 3’. 1) 
g= 176, (30. 21,6. 3, 2’) 
g= 177, (30, 21, 5,4, 3, 1) 
g= 178. (30.21,4’, 1) 
g= 179. (30, 21,5. 3’, 1) 
g= 180, (31,22. 6, 3’) 
g= 181, (31, 22, 5,42, 2) 
g= 182, (31, 22, 5,4, 3’) 
g= 183, (31,22, 43, 3) 
g = 184, (32, 23, 5,4’) 
g= 185, (29, 19, 5, 4’. 0) 
g= 186, (30,20.5’. 0) 
g = 187, (29, 19. 6, 3, 2’) 
d= 67, ~(67) = 181, fi(67) = 198 
g= 181, (30, 21. 4’. 3, 0) 
g= 182, (31, 22, 5, 4’. 0) 
g= 183, (31,22, 6, 3’, 1) 
g = 184, (31, 22, 6, 3, 2’) 
g= 185, (31, 22. 5, 4, 3, 1) 
g= 186, (31.22,4’, 1) 
g= 187, (31, 22, 5, 3’. 2) 
g= 188. (32,23,6, 3j) 
g= 189. (32. 23, 5.4’, 2) 
g= 190, (32, 23, 5, 4, 3’) 
g= 191, (32,23,4’, 3) 
g = 192, (33, 24, $4’) 
g = 193, (30, 20, 5:, 3,O) 
g= 194, (30. 20. 5,4’, 0) 
g= 195, (31,21,5), 0) 
g = 196, (30, 19,9,2’) 
g= 197, (31,21,7. 32.2) 
g=198, (31,21,6,4’1) 
d= 69. ~(69) = 193, p(69) = 210 
g = 193, (32, 23, 5, 4, 3, 1) 
g= 194, (32.23,4’, 1) 
g- 195, (32, 23, 5, 3’, 2) 
g= 196, (33, 24,6, 3’) 
g = 197, (33, 24. 5, 42, 2) 
g= 198. (33, 24, 5.4. 3’) 
g = 199, (33,24.4’, 3) 
g = 200, (34, 25, 5.4j) 
g=201, (31,21,6,4,3,0) 
d=66. 466) = 175, /3(66) = 192 
g= 175, (30, 21,6, 32. 0) 
g= 176. (29. 10,4, 3’, 0) 
g=l77, (30,21,5,4,3,0) 
g= 178, (30,21.4’, 0) 
g= 179, (30, 21, 5, 4, 2, 1) 
g= 180, (30, 21. 5, 3’, 1) 
g= 181, (30, 21, 4’, 3, 1) 
g= 182, (31, 22, 5, 4*, I) 
g= 183, (30, 21, 4, 3’. 2) 
g= 184, (31, 22, 5, 4, 3, 2) 
g= 185, (31,22,4’. 2) 
g= 186, (31,22,4’, 32) 
g = 187, (31. 23, 5,4’, 3) 
g = 188, (32.23,4“) 
g=189. (30,20,6,42,0) 
g = 190, (30, 20, 5’. 4.0) 
g= 191, (29, 18. 8, 3’, 0) 
g = 192, (30, 20. 6, 4, 3, 1) 
d = 68, ~(68) = 187, p(68) = 204 
g= 187, (31, 22, 5, 4, 2, 1) 
g= 188. (31.22, 5,3’, 1) 
g= 189, (31, 22,4’, 3, 1) 
g = 190, (32,23, 5,4’, 1) 
g= 191, (31, 22,4, 32,2) 
g= 192, (32, 23, 5, 4, 3, 2) 
g = 193, (32,23.4j, 2) 
g= 194, (32,23, 42, 32) 
g = 195, (33, 24, 5, 42. 3) 
g= 196, (33,24, 44) 
g= 197, (30, 19,9,2*, 1) 
g= 198, (31. 21,6.4’, 0) 
g= 199, (31, 21, 5’, 4,O) 
g=200,(30.20,5,3’,1) 
g=201, (31, 21,6,4, 3, 1) 
g=202, (31,21, 5’, 3, 1) 
g=203, (31.21, 5,4’, 1) 
g = 204, (32,22,5’, 1) 
d=70. r(70)= 199, p(70)=216 
g = 199, (32, 23. 4. 3’. 2) 
g = 200, (33, 24, 5, 4, 3. 2) 
g = 201, (33,24,4’, 2) 
g=202, (33,21,4z,3z) 
g = 203, (34. 25, 5, 42, 3) 
g = 204. (34, 25,4’) 
g-205, (31.21, 52, 1’) 
g= 206. (31, 21, 5, 4, 3, 0) 
g = 207. (32. 22. 6.4’, 0) 
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d=69, cr(69)= 193, 8(69)=210 
g=202, (31,21,5’.3,0) 
g=203, (31,21,5,4’,0) 
g = 204. (32,22. 5’, 0) 
g= 205, (31, 21. 6. 3. 2’) 
g = 206. (32,22. I. 3’, 2) 
g = 207, (32, 22, 6, 4’, 1) 
g = 208, (32, 22, 5’. 4, 1) 
x=209, (32.22,6.4,3.2) 
g=210. (32,22. 5’. 3, 2) 
d=71. (x(71)=205. /~‘(71)=222 
g = 205, (34, 25, 5.4’. 2) 
g = 206. (34, 25, 5.4, 3’) 
g=207. (34,25.4’,3) 
g = 208. (35, 26, 5.4>) 
g = 209, (32. 22, 7, 3. 2, 1 ) 
g=210, (32.22,6.4.3.0) 
g = 211, (32. 22, 5’. 3,0) 
g=212, (32.22, 5,4’,0) 
g=213, (33,23,5’,0) 
g = 214. (32, 22, 6, 3, 2’) 
g=215, (33,23,7,3’, 2) 
g = 216, (33. 23, 6, 4’, 1) 
g = 217. (33. 23, 5’, 4, 1 ) 
g = 218, (33. 23, 6.4, 3, 2) 
g = 219, (33, 23, 5’, 3, 2) 
g = 220, (33. 23, 5,4?, 2) 
g=221. (34,24, 5j, 2) 
g = 222. (34. 24. 6, 4’, 3) 
d=73. a(73)=218, /~‘(73)=234 
g=218, (33, 23, 7, 3. 2, 1) 
g = 219, (33,23, 6.4, 3.0) 
g = 220, (33, 23, 52, 3.0) 
g = 221, (33, 23, 5, 42, 0) 
g = 222, (34,24, 5’, 0) 
g = 223, (33, 23, 6, 3, 2?) 
g = 224, (34,24, 7. 3’, 2) 
g = 225, (34, 24, 6,4’, 1) 
g = 226, (34, 24. 5’, 4, 1) 
g = 227. (34, 24. 6.4, 3, 2) 
g = 228, (34, 24, 5’, 3. 3) 
g = 229, (34, 24, 5.4’, 2) 
g = 230, (35. 25, 5’, 2) 
g= 231, (35. 25. 6. 4’, 3) 
g= 232, (35. 25, 5’, 4, 3) 
g = 233, (35. 25, 5,4’) 
g=234, (36,26.5-‘,4) 
d= 70. ~(70) = 199. fi(70) = 216 
g=208. (32,22,5’,4.0) 
g=209, (31,21, 5, 3?. 1) 
g= 210, (32, 22, 6, 4, 3, I ) 
g=2ll, (32,22,5’,3.1) 
g=ZlZ, (32.2L5.4’. 1) 
g=213, (33,23,5j. 1) 
x=214. (32. 22, 5. 4, 3. 2) 
g=215. (33. 23. 6. 4’. 2) 
g=216. (33.23,5’.4.2) 
d-72. a(72)=212. ,!Q72)=228 
g=212, (35, 26,4’) 
g=213, (32,22,5’.2,0) 




g=218, (32, 22, 5. 3’. 1) 
g=219, (33,23,6,4,3,1) 
g = 220, (33, 23. 52, 3, I ) 
g=?21. (33,23,5.4’.3,1) 
g=222. (34,24.5’, 1) 
g = 223, (33. 23, 5. 4, 3. 2) 
g = 224, (34, 24, 6. 4’. 2) 
g = 225, (34, 24. 5’, 4, 2) 
g = 226, (34. 24, 5’. 3’) 
g = 221. (34, 24, 5. 4’. 3 ) 
g=228. (35.25, 5j. 3) 
d = 74, x(74) = 225, I( 74) = 240 
g = 225, (34, 24, 6, 4’, 0) 
g = 226, (34. 24, 5’. 4, 0) 
g = 227, (33, 22, 9, 2’, 1) 
g = 228, (34, 24,6,4, 3, I ) 
g = 229. (34, 24, 5’. 3, 1) 
g = 230, (34. 24, 5, 4’. 1) 
g = 231, (35.25, 53, 1) 
g = 232, (34,24, 5.4, 3, 2) 
g = 233, (35, 25, 6, 4’. 2) 
g = 234, (35, 25, 5’, 4, 2) 
g = 235, (35,25,5’, 3’) 
g = 236, (35. 25, 5, 4’, 3) 
g = 237, (36,26,5’. 3) 
g = 238, (36. 26, 5’, 4’) 
g = 239, (37, 27, SJ) 
g=240. (34,23,6,5’.0) 
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d= 75, a(75) = 232, /1(75) = 247 
g = 232, (34, 24, 6, 3, 2’) 
g = 233, (35, 25, 7, 3’, 2) 
g = 234, (35. 25, 6, 4*, 1) 
g = 235, (35, 25, 5’, 4, I ) 
g = 236, (35, 25, 6, 4, 3, 2) 
g = 237, (35, 25, 5*, 3, 2) 
g = 238, (35, 25, 5,4’, 2) 
g = 239, (36.26,5’. 2) 
g = 240, (36,26,6,4’, 3 ) 
g = 241, (36, 26, 5’. 4, 3) 
g=242, (36,26,5,4’) 
g = 243, (37.27, 53, 4) 
g = 244, (34, 23, 6, 5.4.0) 
g = 245, (34.23, 5-‘. 0) 
g = 246, (34. 23, I, 4. 2’) 
g = 247, (34, 23,6, 5, 3, 1) 
d=77, a(77)=246, /J(77)=259 
g = 246, (36, 26. 5’, 3,2) 
g = 247, (36, 26, 5, 42, 2) 
g = 248. (37,273 5’, 2) 
g = 249, (37,27,6, 4’, 3 ) 
g = 250, (37, 27, 5’. 4. 3) 
g=251, (37,27,5,4’) 
g = 252, (38.28, 5-‘, 4) 
g = 253, (34. 23, 5, 4’, 0) 
g = 254, (35. 24, 6, 5, 4. 0) 
g = 255, (35.24. 5’3 0) 
g = 256. (35, 24, 7, 4, 2*) 
g = 257, (35.24.6, 5, 3, 1) 
g = 258, (36, 25. 8, 3”) 
g = 259, (35, 24, 5*,4, 1) 
d = 79, a(79) = 260, p(79) = 272 
g = 260, (38, 28, 5. 43) 
g = 261, (39,29. 5’, 4) 
g = 262. (36, 25. 7, 42. 0) 
g = 263, (35, 24. 5, 4*, 0) 
g = 264, (36, 25, 6, 5, 4, 0) 
g=265, (36,25, 5’, 0) 
g = 266, (36, 25. 7,4, 2’) 
g = 267, (36, 25, 6, 5, 3. 1) 
g = 268, (37, 26. 8, 3’) 
g = 269, (36, 25, 5’. 4. 1) 
g = 270, (37, 26, 6, 5’, 1) 
g=271, (37,26,7,4’,2) 
g = 272, (37, 26, 7, 4, 3’) 
d=81, a(81)=274, B(Sl)=286 
g = 274. (37, 26, 6, 5, 4. 0) 
g = 275. (37,26,5 ‘3 0) 
d = 76, a(76) = 239, fi(76) = 253 
g = 239, (35, 25, 5, 4’. 1) 
g = 240, (36,26, 53, 1) 
g= 241, (35, 25, 5, 4, 3, 2) 
g = 242, (36. 26, 6. 4=, 2) 
g = 243, (36, 26, 5’, 4, 2) 
g = 244, (36,26,5’, 3’) 
g = 245, (36, 26, 5, 4’, 3) 
g = 246. (37,27,5’, 3) 
g = 247, (37.27, 52, 4’) 
g = 248, (38,28. 54) 
g = 249, (34,22, 10.2’) 
g = 250, (35, 24, 6, 5’. 0) 
g=251, (34,23,6,4,3, 1) 
g = 252, (35. 24, 7, 4’, 1) 
g = 253, (34, 23. 5, 4’, 1) 
d= 78, a(78) = 253, b(78) = 266 
g = 253. (37.27, 52, 3’) 
g = 254, (37,27, 5, 42, 3) 
g = 255, (38.28, 5’, 3) 
g = 256. (38,28,5’, 4’) 
g = 257, (39,29, 54) 
g = 258, (35, 24, 6, 4*, 0) 
g = 259, (35, 24, 52, 4. 0) 
g = 260, (36, 25, 6. 52, 0) 
g=261, (35, 24, 6, 4. 3, 1) 
g = 262, (36, 25, 7, 42, 1) 
g = 263, (35,24, 5, 4’. 1) 
g = 264, (36,25,6, 5.4, I ) 
g = 265, (36,2X 5’, 1) 
g = 266. (36. 25,6, 5, 3, 2) 
d = 80. a(80) = 267, j(80) = 279 
g = 267, (36, 25, 6, 5. 3, 0) 
g = 268, (36, 25, 6,4*, 0) 
g = 269, (36, 25, 5’, 4, 0) 
g = 270, (37, 26, 6, 52, 0) 
g=271. (36.24, 10,23) 
g = 272, (37, 26, 7. 42, 1) 
g = 273, (36, 25, 5, 42, 1) 
g = 274, (37, 26,6, 5. 4, 1) 
g = 275. (37.26, 53, 1) 
g = 276. (37. 26, 6. 5, 3, 2) 
g = 277. (37, 26, 6, 4=, 2) 
g = 278, (37,5’, 4,2) 
g = 279, (38, 27, 6. 5*, 2) 
d=82. n(82)=282, ,!l(82)=293 
g = 282. (38, 27. 7, 4’, 1) 
g = 283, (37, 26. 5. 4*, I ) 
SMOOTH CURVES IN A PROJECTIVE SPACE 243 
d=81, a(81)=274. j(81)=286 
g= 276. (31. 26, 7, 4, 2') 
g = 277, (37, 26, 6, 5, 3, I) 
g=278, (38.27,8. 33) 
g=279, (37, 26, 5'. 4, I) 
g=280, (38,27,6,5*, 1) 
g= 281, (38, 27. 7,4', 2) 
g= 282, (38, 27, 7,4, 3') 
g ~283, (38,27. 6, 5.4, 2) 
g=284. (38,27,53,2) 
g=285, (38. 27. 6,4', 3) 
g=286, (39,28,7,4j) 
d= 83, ~(83) = 289, /?(83) = 300 
g= 289. (38, 27. 5*, 4, 1) 
g=290, (39,28. 6, 5'. 1) 
g= 291, (39, 28, 7,4',2) 
g=292. (39,28, 7.4, 3') 
g= 293, (39, 28, 6, 5.4. 2) 
g=294, (39,28,5',2) 
g= 295, (39, 28. 6, 4'. 3) 
g=296. (40,29.7,43) 
g = 297, (40,29.6, 5’, 3) 
g=298, (40.29. 6, 5.4') 
g=299. (40,29.5',4) 
g=300. (41.30.6, 5') 
d= 85. a(85) = 305, /?(85) = 313 
g = 305. (40, 29, 6, 4'. 3) 
g=306, (41,30,7,43) 
g=307. (41, 30.6, 5'. 3) 
g= 308, (41, 30, 6, 5,4') 
g=309, (41,30,51.4) 
g=310, (42,31,6, 5’) 
g = 311, (39, 27, 7, 5’, 0) 
g= 312, (39, 27, 62, 5.0) 
g=313,(38,26,6,5.3,1) 
d= 87, a(87) = 321, p(87) = 328 
g= 321, (39, 27. 6, 5, 4,0) 
g= 322, (40, 28. 7, 5'.0) 
g=323. (40, 28. 6', 5.0) 
g = 324, (39, 27. 6, 5, 3, 1) 
g=325, (40,28, 8,4, 3, 2) 
g= 326. (40, 28. 7, 5,4, 1) 
g= 327. (40, 28. 6'. 4, 1) 
g = 328. (40, 28, 6, 5', 1) 
d= 89, ~((89) = 337, b(89) = 342 
g = 337, (41, 29, 7, 5. 4, 1) 
g=338, (41,29,6',4, 1) 
g=339. (41. 29, 6. 5’. 1) 
d = 82, ~((82) = 282, fl( 82) = 293 
g=284, (38,27,6,5.4, 1) 
g=285, (38,27,5', 1) 
g=286, (38,27,6, 5, 3, 2) 
g=287, (38, 27, 6,42, 2) 
g = 288, (38. 27. 5',4, 2) 
x=289, (39, 28. 6, 5*, 2) 
~~290, (38, 27, 5,4', 3) 
g = 291, (39,28,6, 5.4, 3) 
g=292, (39,28,5', 3) 
g=293, (39,28,5'.4') 
d= 84, ~(84) = 297. /3(84) = 306 
g= 297, (39, 28. 6.4*,2) 
g=298.(39,28,5*,4,2) 
g = 299, (40.29, 6, 52, 2) 
g= 300. (39, 28. 5, 4'. 3) 
g = 301. (40, 29, 6. 5, 4, 3) 
g= 302. (40,29, 5j. 3) 
g= 303, (40, 29. 5', 4') 
g= 304, (41, 30, 6. 52,4) 
g=305, (4L30.54) 
g= 306, (38. 26, 6, 5'.0) 
d=86, x(86) = 313, p(86) = 321 
g=313, (41. 30, 5’. 4’) 
g=314,(42,31,6,5',4) 
g=315, (42. 31, 54) 
g=316, (39.27,6*,4.0) 
g = 317, (39, 27, 6, 5’. 0) 
~~318, (40,28,63,0) 
g=319, (39, 27, 6’, 3, 1) 
~~320. (39,27,6',2') 
g=32!, (39, 27, 6. 5,4, 1) 
d= 88, ~(88) = 329, b(88) = 335 
g=329, (41, 29, 63,0) 
g= 330, (40,28, 6', 3.0) 
g=331, (40,28,6',2') 
g= 332. (40,28, 6, 5, 4, 1) 
g=33, (41, 29, 7. 5', !) 
g = 334, (41, 29, 6', 5, 1) 
g= 335, (40, 28, 6.4', 2) 
d = 90, ~(90) = 345, /i’(90) = 349 
g= 345, (42, 30, 6'. 5, 1) 
g= 346, (41, 29,6,4',2) 
g= 347. (42. 30. 7. 5. 4. 2) 
2-Y 
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d = 89, a(89) = 337, &89) = 342 
g = 340, (42,30, 63, 1) 
g= 341, (41,29, 7,4, 3’) 
g = 342, (42, 30, 8. 4’, 3) 
d= 91, ~(91) = 353, p(91) = 357 
g = 353, (43, 31, 8,4’, 3) 
g=354, (43,31,7, 52.2) 
g=355, (43, 31, 62, 5, 2) 
g = 356, (43, 31, 7. 5, 4, 3) 
g = 357. (43, 31, 62, 4, 3) 
d = 93, a(93) = 370, b(93) = 372 
g = 370, (45, 33, 6’, 3) 
g = 371, (45, 33, 7, 5’, 4) 
g = 372, (45, 33, 6’, 5, 4) 
d = 90, a(90) = 345, p(90) = 349 
g = 348, (42, 30, 6*, 4, 2) 
g = 349, (42, 30, 6. 5*, 2) 
d = 92, a(92) = 362, b(92) = 364 
g = 362, (43, 31, 6, 5,4, 3) 
g= 363, (44,32,7,5*, 3) 
g = 364, (44,32, 62, 5, 3) 
d = 94, a(94) = 379, p(94) = 380 
g = 379, (46,34,6’, 5’) 
g = 380, (47, 35, 64) 
APPENDIX C 
In this appendix we produce examples of smooth curves of degree d and 
genus g in p’, with 39 6d< 64 and a(d) <g<j(d), where cr(d)= 
nz(d, 7) + 1 and B(d) =p,(d, 7) lying on surfaces of degree 6 or 7 (see 
Section 2-f). If the surface is a rational normal scroll of degree 6 it is 
sufficient to give the pair of positive numbers (a, c) such that d = 3a + 1 
and g = (a - 1 )(c - 1): we say in this case that the curve is a curve of type 
(a, c) on a rational normal scroll (RNS). If the surface is a rational scroll 
of degree 7, we may again speak of curues of type (a, c) on a rational scroll 
(RS), with a > 0 and c 3 0. Finally, if the surface is a Del Pezzo, the curve 
can be assigned by giving its class (a, 6,) b2) in the Picard group, with 
a>b,+b, and b,>bz>O, and we say we have a curve of type (a,b,,b,) 
on a Del Pezzo (DP). We found these curves by exhaustive search, there- 
fore the pairs (d, g) for which there is no example are not realizable as 
pairs (degree, genus) of a smooth curve on a surface of degree 6 or 7: these 
pairs are listed at the end of the appendix. 
d = 39, a(39) = 82, /3( 39) = 82 
no curve 
d = 40, a(40) = 87, p(40) = 87 
g = 87, curve of type (15,3,2) on a DP 
d=41. a(41)=91, /?(41)=92 
g = 91, curve of type (17,8,2) on a DP 
g = 92, no curve 
d = 42, a(42) = 96, &42) = 97 
g = 96, no curve 
g=97, curve of type (18,9, 3) on a DP 
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d=43, a(43)= 101, /?(43)= 102 
g = 101, curve of type (16, 3,2) on a DP 
g = 102, curve of type (19, 10,4) on a DP 
d = 44, ~~(44) = 106. b(44) = 107 
g = 106, curve of type (20, 11, 5) on a DP 
g = 107, curve of type (18,8, 2) on a DP 
d=45, a(45)= 111, /?(45)= 112 
g= 111, curve of type (7, 17) on a RS 
g = 112, no curve 
d=46. a(46)= 117, /3(46)= 117 
g= 117, curve of type (7. 18) on a RS 
d= 47, ~(47) = 122, /?(47) = 123 
g = 122, no curve 
g= 123, curve of type (7, 19) on a RS 
d = 48, ~(48) = 128, j(48) = 129 
g = 128, curve of type (5, 33) on a RNS 
g = 129, curve of type (7,20) on a RS 
d=49, ct(49)=133, p(49)=135 
g= 133, curve of type (8, 17) on a RS 
g = 134, curve of type (20,9,2) on a DP 
g= 135. curve of type (7.2) on a RS 
d=SO, a(50)= 139, /?(50)= 141 
g = 139, curve of type (24, 13,9) on a DP 
g= 140. curve of type (8, 18) on a RS 
g = 141, curve of type (7, 22) on a RS 
d=51, a(51)= 145, /?(51)=147 
g = 145, no curve 
g= 146. curve of type (19,4,2) on a DP 
g= 147, curve of type (7,23) on a RS 
d= 52, a(52) = 151, p(52) = 153 
g= 151, no curve 
g= 152, curve of type (22, 11,3) on a DP 
g = 153, curve of type (7,24) on a RS 
d= 53. ~(53) = 157, p(53) = 160 
g= 157, curve of type (25, 14, 8) on a DP 
g= 158, no curve 
g= 159. curve of type (7,25) on a RS 
g = 160, curve of type (20, 5,2) on a DP 
d= 54, ~(54) = 164, /?(54) = 167 
g= 164, curve of type (9, 18) on a RS 
g= 165, curve of type (7,26) on a RS 
g = 166. no curve 
g= 167. curve of type (20. 13, II ) on a DP 
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d= 55, a(55) = 170, /Y(55) = 174 
g= 170, curve of type (25, 14,6) on a DP 
g= 171, curve of type (7, 27) on a RS 
g= 172, curve of type (9, 19) on a RS 
g = 173, curve of type (22,9.2) on a DP 
g = 174, curve of type (21,6, 2) on a DP 
d= 56, a(56) = 177. fi(56) = 181 
g = 177, curve of type (7,28) on a RS 
g= 178, no curve 
g = 179, curve of type (21. 5,2) on a DP 
g = 180, curve of type (9,20) on a RS 
g= 181, curve of type (21.4, 3) on a DP 
d= 57, a(57) = 183, p(57) = 188 
g = 183, curve of type (7,29) on a RS 
g= 184, curve of type (21,3, 1) on a DP 
g = 185, curve of type (23, 10.2) on a DP 
g = 186. no curve 
g = 187, no curve 
g= 188, curve of type (9,21) on a RS 
d= 58, a(58) = 190, p(58) = 195 
g = 190. no curve 
g= 191, curve of type (28, 11, 5) on a DP 
g= 192, curve of type (25, 13,4) on a DP 
g= 193, no curve 
g = 194. curve of type (22,6,2) on a DP 
g = 195, curve of type (6.40) on a RNS 
d= 59, x(59) = 197, p(59) = 202 
g = 197. curve of type (24, 11,2) on a DP 
g = 198. curve of type (10, 19) on a RS 
g = 199, curve of type (22, 5,2) on a DP 
g = 200, curve of type (6,41) on a RNS 
g = 201, curve of type (22,4, 3) on a DP 
g = 202, curve of type (23.8. 2) on a DP 
d = 60, a( 60) = 204, /460) = 209 
g = 204, curve of type (22,3’) on a DP 
g = 205, curve of type (6,42) on a RNS 
g = 206, no curve 
g = 207, curve of type (10,20) on a RS 
g = 208, no curve 
g = 209, curve of type (23, 7,2) on a DP 
d=61, a(61)=211, 8(61)=216 
g = 211, no curve 
g = 212, no curve 
g = 213, curve of type (20, 16, 10) on a DP 
g = 214, no curve 
g = 215, curve of type (23,6.2) on a DP 
g = 216, curve of type (10.21) on a RS 
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d= 62, ~(62) = 219, /I(62) = 224 
g = 219, curve of type (26, 13, 3) on a DP 
g = 220, curve of type (23,5,2) on a DP 
g=221. no curve 
g = 222, curve of type (23.4, 3) on a DP 
g = 223, curve of type (30, 15. 13) on a DP 
g = 224. curve of type (15, 17) on a RNS 
d= 63, ~(63) = 226, b(63) = 232 
g = 226, no curve 
g = 227, no curve 
g = 228, curve of type (27, 14,4) on a DP 
g = 229, no curve 
g=230, curve of type (25, 10,2) on a DP 
g=231, curve of type (8, 31) on a RS 
g = 232, no curve 
d=64, x(64)=234, 8(64)=240 
g = 234, curve of type (30. 17,9) on a DP 
g= 235. curve of type (11,20) on a RS 
g = 236, curve of type (28, 15, 5) on a DP 
g = 237, curve of type (24,6,2) on a DP 
g = 238. curve of type (8. 32) on a RS 
g = 239, curve of type (35,9,2) on a DP 
g = 240, curve of type (24, 5, 3) on a DP 
List of gaps 
(39,82), (41.92), (42,96), (45, 112), (47, 122), (51, 145), (52, 151). 
(53, 158), (54, 166), (56, 178), (57, 186), (57. 187). (58, 190) 
(58, 193), (60,206), (60, 208), (61.211), (61, 212). (61,214). (62,221) 
(63.226). (63,227). (63,229), (63,232) 
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